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Abstract. According to Markov 25 , a subset of an abelian group G of the form {x £ G : nx — 
a}, for some integer n and some element a G G, is an elementary algebraic set; finite unions of 

11^ ■ elementary algebraic sets are called algebraic sets. We prove that a subset of an abelian group 

G is algebraic if and only if it is closed in every precompact (=totally bounded) Hausdorff group 
topology on G. The family of all algebraic subsets of an abelian group G forms the family of closed 
subsets of a unique Noetherian Ti topology 3g on G called the Zariski, or verbal, topology of G 
[3]. We investigate the properties of this topology. In particular, we show that the Zariski topology 
is always hereditarily separable and Frechet-Urysohn. 

For a countable family J? of subsets of an abelian group G of cardinality at most the continuum, 
we construct a precompact metric group topology T on G such that the T-closure of each member 

Qr. ■ of ^ coincides with its 3G-closure. As an application, we provide a characterization of the subsets 

of G that are T-dense in some Hausdorff group topology T on G, and we show that such a topology, 
if it exists, can always be chosen so that it is precompact and metric. This provides a partial answer 

,S^ • to a long-standing problem of Markov |25] . 

We use P and N to denote the sets of all prime numbers and all natural numbers, respectively. 
In this paper, E N. As usual, Z denotes the group of integers, and Z(n) denotes the cyclic group 
^ ■ of order n. We use c to denote the cardinality of the continuum. The symbol wi denotes the first 

0> ! uncountable cardinal. 

1. Introduction 
lO ' 1.1. Three topologies on a group. In 1944, Markov [2S] introduced four special families of 
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subsets of a group G: 

Definition 1.1. ((25j) A subset A of a group G is called: 

(a) elementary algebraic if there exist an integer n > 0, elements ai, . . . , a„ E G and £!,...,£„ G 
{—1, 1}, such that X = {x € G : x^'^aix^^a2 ■ ■ ■ a„_ia;'^"a„ = 1}, 

(b) algebraic if X is an intersection of finite unions of elementary algebraic subsets of G, 

(c) unconditionally closed if X is closed in every Hausdorff group topology on G, 

(d) potentially dense if G admits some Hausdorff group topology T such that X is dense in 

(G,r). 

The family of all unconditionally closed subsets of G coincides with the family of closed sets 
of a Ti topology OHg on G, namely the infimum (taken in the lattice of all topologies on G) of 
all Hausdorff group topologies on G. This topology has been introduced in [9l [10] as the Markov 
topology of G. 
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Recall that a HausdorfF group topology T on a group G is called precompact (or totally bounded) 
provided that {G, T) is (isomorphic to) a subgroup of some compact Hausdorff group or, equiva- 
lently, if the completion of (G, T) with respect to the two-sided uniformity is compact. Let *Pg be 
the infimum of all precompact Hausdorff group topologies on G. Clearly, '^g is a Ti topology on 
G, which we call the precompact Markov topology of G [?]• 

One can easily see that the family of all algebraic subsets of G is closed under finite unions 
and arbitrary intersections, and contains G and all finite subsets of G; thus, it can be taken as 
the family of closed sets of a unique Ti topology Sc on G. Markov [2U [25] defined the algebraic 
closure of a subset X of a group G as the intersection of all algebraic subsets of G containing X, 
i.e., the smallest algebraic set that contains X. This definition satisfies the conditions necessary for 
introducing a topological closure operator on G. Since a topology on a set is uniquely determined 
by its closure operator, it is fair to say that Markov was the first to (implicitly) define the topology 
3g) though he did not name it. To the best of our knowledge, the first name for this topology 
appeared explicitly in print in a 1977 paper by Bryant [3], who called it a verbal topology of G. In 
a more recent series of papers beginning with [2], Baumslag, Myasnikov and Remeslennikov have 
developed algebraic geometry over an abstract group G. In an analogy with the celebrated Zariski 
topology from algebraic geometry, they introduced the Zariski topology on the finite powers G" of 
a group G. In the particular case when n = 1, this topology coincides with the verbal topology of 
Bryant. For this reason, the topology 3g is also called the Zariski topology of G in [QlflO]. 

Note that (G,3g)) {G-,'^g) and (G,*Pg) are quasi-topological groups, i.e., their inversion and 
shifts are continuous; see [I]. 

Fact 1.2. 3g ^ ^G ^ ^G for every group G. 

Proof. An elementary algebraic subset of G must be closed in every Hausdorff group topology on 
G, which gives the first inclusion. The second inclusion is obvious. D 



1.2. Markov's "algebraic versus unconditionally closed" problem. In 1944, Markov |23] 
(see also |25j ) posed his celebrated problem: is every unconditionally closed subset of a group 
algebraic! Using the language of Markov and Zariski topologies, this question can be naturally 
reformulated as the problem of coincidence of these topologies: does the equality 3g = 9^G hold for 
every group G? Markov himself obtained a positive answer in the case when G is countable [25J. 
Moreover, in p5], Markov attributes to Perel'man the fact that 3g = 9^G for every abelian group 
G. To the best of our knowledge, the proof of this fact never appeared in print until p^O]. In the 
present manuscript, we further strengthen this result from [10] as follows: 



Theorem A. 3g = '^G = Vg for every abelian group G. 

Reformulating this theorem in Markov's terminology results in the following Corollary B. 

Corollary B. A subset of an abelian group G is algebraic if (and only if) it is closed in every 
precompact Hausdorff group topology on G. 

An example of a group G with 3g ¥" ^G was found by Hesse |20] . who apparently was unaware 
that his results solve Markov's problem in the negative. This problem was later highlighted as an 
open problem in the survey f5], and an example of a group G with 3g ¥" ^G under the Continuum 
Hypothesis CH was recently provided in |30j . 

If the group G is infinite, the topology DJIg is discrete if and only if G is non-topologizable, 
i.e., it does not admit a non-discrete Hausdorff group topology. The existence of non-topologizable 
groups has been another long-standing open problem of Markov |25j : it was later resolved positively 
through an example under CH by Shelah [29], an uncountable ZFC example by Hesse |20j and a 
countable ZFC example by Ol'shanskij [28] . 

Observe that the topology ^g is discrete if and only if the group G is not maximally almost 
periodic, i.e., it does not admit a precompact Hausdorff group topology. A classical example of a 



group G with discrete ^g is the group 5L(2,C) of ah complex 2x2 matrices with determinant 1 
[27j. Since this G is topologizable (by its usual topology), one has TIq 7^ ^g- 

In view of Fact ll.2| if a group G has discrete 3g) then 3g = ^G = Vg holds because all three 
topologies become discrete. Such groups are extremely rare, but a variety of examples have been 
constructed by Ol'shanskij and his school: 

Example 1.3. (a) Ol'shanskij 's example [28] of a countable non-topologizable group has dis- 

crete 3g- 

(b) Klyachko and Trofimov [23] constructed a finitely generated torsion-free group G such that 
3g is discrete. 

(c) Trofimov [32] proved that every group H admits an embedding into a group G with discrete 

3g. 

(d) Morris and Obraztsov [26] modified Ol'shanskij 's example from item (a) to build, for any 
sufficiently large prime p, a continuum of pairwise non-isomorphic infinite non-topologizable 
groups of exponent p^, all of whose proper subgroups are cyclic. 

1.3. Realization of the Zariski closure by some Hausdorff group topology. Given a topo- 
logical space {Y,T), we denote the T-closure of a set X C G by cl-j-iX). 

Let X be a subset of a group G. Given a Hausdorff group topology T on G, one has 3g ^ 9^G ^ 
T, and therefore, cl7-(X) C cl<xtiQ{X) C cl-2,^(X). This chain of inclusions naturally leads to the 
following problem: can one always find a Hausdorff group topology T on G such that cl7-(X) = 
cl<xtiQ{X) = c13q(X)? We shall call this question the realization problem for the Zariski closure; see 
[9] . This problem was first considered by Markov in [25J , who proved that for every subset X of a 
countable group G, there exists a metric group topology T on G such that cl7-(X) = cl;^^{X). We 
make the following contribution to this general problem in the abelian case: 

Theorem C. For an abelian group G, the following conditions are equivalent: 

(i) |G| < c, 
(ii) for every subset X of G, there exists a precompact metric group topology Tx on G such that 

(iii) for every countable family S^ of subsets of G, one can find a precompact metric group 
topology T,%- on G such that cl-j-^ (X) = c13q(X) for every X € !X . 

It should be noted that item (iii) cannot be pushed further to accommodate families of size wi; 
see Remark [9^ 

A counterpart to this theorem, with the word "metric" removed from both items (ii) and (iii) 
and the inequality in item (i) relaxed to \G\ < 2'', is proved in our subsequent paper 



1.4. Characterization of potentially dense subsets of abelian groups of size at most c. 

The last section of Markov's paper \25\ is exclusively dedicated to the following problem: which 
subsets of a group G are potentially dense in G? Markov succeeded in proving that every infinite 
subset of Z is potentially dense in Z |25j . This was strengthened in \14\ Lemma 5.2] by proving that 
every infinite subset of Z is dense in some precompact metric group topology on Z. (The authors 
of [25] and |14j were apparently unaware that both these results easily follow from the uniform 
distribution theorem of Weyl |33j.) Further progress was made by Tkachenko and Yaschenko |31j . 
who proved the following theorem: if an abelian group G of size at most c is either almost torsion- 
free or has exponent p for some prime p, then every infinite subset of G is potentially dense in G. 
(According to [31], an abelian group G is almost torsion-free if rp{G) is finite for every prime p.) 
In this manuscript, we obtain the following complete characterization of potentially dense subsets 
of abelian groups of size at most c: 

Theorem D. Let X be a subset of an abelian group G such that \G\ < c. Then the following 
conditions are equivalent: 



(i) X is potentially dense in G, 

(ii) X is T-dense in G for some precompact metric group topology on G, 
(iii) cl3^(X) = G. 

Note that a precompact metric group has size at most c, so item (ii) of Theorem D impUes 
|G| < c. Therefore, this cardinahty restriction in Theorem D is necessary. A counterpart of this 
theorem, with the word "metric" removed from item (ii) and the condition on a group G relaxed 
to |G| < 2^, is proved in our forthcoming paper [12j . 

Item (iii) of Theorem D highhghts the importance of characterizing Zariski dense subsets of 
an abehan group G. This is accomphshed in Theorem I7.1[ Moreover, we exphcitly calculate the 
Zariski closure of an arbitrary subset of G; see Theorem 18.11 and its corollaries in Section [H 

1.5. The structure of the Zariski topology 3g of ^n abelian group. Bryant [3] established 
that 3g is Noetherian for an abelian-by-finite group G; for the convenience of the reader, we provide 
a self-contained proof of this fact in the abelian case in Theorem 13. 5i In particular, for an abelian 
group G, the space (G',3g) has common properties shared by all Noetherian (Ti) spaces; see Facts 
12.11 and 12.51 We prove that, for an abelian group G, the space (G, 3g) also has some specific 
properties not shared by all Noetherian spaces: 

(a) Every subspace X of {G, 3g) contains a countable subset Y that is dense in X, i.e., (G, 3g) 
is hereditarily separable, using topological terminology; see |16j . 

(/3) The subset y of X from item (a) can be chosen so that it has the cofinite topology; it now 
follows that for every point x in 3G-closure of X one can find a sequence {y„ : n € N} of 
points of Y such that the sequence y„ converges to x in the Zariski topology 3g- This last 
property implies that (G, 3g) is Frechet-Urysohn, using topological terminology; see [E]. 

(7) Irreducible components of an elementary algebraic set are disjoint, but irreducible compo- 
nents of an algebraic set need not be disjoint. 

Item (a) is proved in Corollary 18. 8| item (/3) is proved in Corollary 18.9^ and item (7) follows 
from Corollary 14.8( 11) and Example 14.91 

1.6. A brief overvie'w of the structure of the paper. The paper is organized as follows. Since 
the Zariski topology 3g of an abelian group G is Noetherian, we recall basic properties of Noetherian 
spaces in Section [2j Irreducible sets play a principal role in the geometry of Noetherian spaces, as 
witnessed by the fact that every subset X of a Noetherian space is a union of a uniquely determined 
finite family of irreducible sets; these irreducible sets are the so-called irreducible components (that 
is, the maximal irreducible subsets) of X. At the end of Section [21 we recall also relevant facts 
about combinatorial dimension dim. 

Section [3] introduces the Zariski topology 3g and establishes its basic properties. For every 
abelian group G, the pair (G,3g) is a so-called quasi-topological group, that is, a Ti-group in the 
terminology of Kaplansky [22j, but it is not a topological group unless G is finite; see Corollary 13.61 
Motivated by items (a) and (/3) above, we call a countably infinite subset X of an abelian group G a 
'^G-O'tom if X has the cofinite topology (that is, the coarsest Ti topology) as a subspace of (G,3g); 
see Definition 13.141 An important result demonstrating why 3G-atoms are so useful is Proposition 
13.151 which says, in particular, that the Zariski closure of a 3G-atom is an irreducible (and thus, 
an elementary algebraic) set. Furthermore, 3G-atoms are precisely the irreducible one-dimensional 
countably infinite subsets of (G,3g); see Fact 12.91 

Since the topology of any subset of (G,3g) is completely determined by its finitely many irre- 
ducible components, we study in detail Zariski irreducible sets in Section |H In Theorem 14. 6( ii). 
we prove that the irreducible component of zero and the connected component of zero of the space 
(G, 3g) are both equal to G[n], where n coincides with the so-called essential order eo{G) of the 
group G (defined by Givens and Kunen [18] in the case of a bounded group G; see Definition 14. 3p . 



Section [5] provides the "technical core" of the manuscript. A prominent role in our paper is 
played by the notion of an almost n-torsion set; see Definition 15.11 To assist the reader in better 
understanding of this notion, we provide its equivalent forms in Lemma 15. 6[ The equivalent con- 
dition for n = is particularly clear: A subset of an abelian group G is almost 0-torsion if and 
only if its intersection with every coset of the form o + G[?7z], where a £ G and ?7i S N \ {0}, is 
finite; see Corollarv 15.81 The general case is similar to this special case, except that the finiteness 
condition is imposed only on integers m that are proper divisors of n; see Lemma l5.6r ii). Propo- 
sition 15.101 uncovers a connection between the algebraic notion of an almost n-torsion set and the 
topological notion of a 3G-atom. The main result of Section [5] is Proposition 15.121 characterizing 
sets that contain almost n-torsion subsets. An especially simple characterization of sets containing 
an almost 0-torsion set is given in Proposition 15. 141 Corollary l5.131 Corollary 15. 151 and Proposition 
15. 161 describe abelian groups that do, or do not, contain almost n-torsion sets, for different integers 
n. 

Section[6]reveals the main reason for considering almost n-torsion sets in this manuscript. Indeed, 
in Theorem 16.21 we prove that every 3G-atom X is a translate of some almost n-torsion set, for 
a suitable integer n that is uniquely determined by X. This creates an essential bridge between 
algebra (almost n-torsion sets) and topology (Bc-atoms). Another crucial result in this section is 
Corollary 16.51 saying that Zariski irreducible sets are precisely those sets that contain a 3G-dense 
Sc-atom (or, equivalently, those sets that contain a 3G-dense translate of an almost n-torsion set, 
for a suitable integer n). In particular, Zariski closures of Sc-atoms give all closed irreducible 
subsets of (G, 3g); see Corollary 16.61 Since every subspace X of (G, 3g) is a finite union of its 
irreducible components, this shows that 3G-atoms (that is, translates of almost n-torsion sets) 
completely determine the topology of X. 

Since a potentially dense set is Zariski dense, as a necessary step towards solving Markov's 
potential density problem, we study Zariski dense sets in Section [71 Theorem 17.11 completely 
describes such sets by means of (translates of) almost n-torsion sets. Zariski dense subsets of 
unbounded abelian groups are given an especially nice and simple characterization in Theorem 17.41 

Building on results from previous sections, in Section [8] we derive a complete description of the 
Zariski closure of an arbitrary set via 3G-atoms or, equivalently, translates of almost n-torsion sets. 

Theorem C is proven in Section [9l while Theorem A is proven in Section [TOl Finally, Theorem D 
is proven in Section [TTJ In Section [12] we collect some open questions about the Zariski and Markov 
topologies in the non-abelian case, based on the results in the abelian case. 

2. Background on Noetherian spaces, irreducible components and combinatorial 

DIMENSION dim 

Recall that a topological space is said to be Noetherian if it satisfies the ascending chain condition 
on open sets, or the equivalent descending chain condition on closed sets. Kaplansky [22l Chap. IV, 
p. 26] calls the Noetherian Ti-spaces Z-spaces. We summarize here the key (mostly well-known) 
properties of Noetherian spaces. 

Fact 2.1. (1) A subspace of a Noetherian space is Noetherian. 

(2) If / : X ^ Z is a continuous surjection and X is Noetherian, then so is Z. 

(3) Every (subspace of a) Noetherian space is compact. 

(4) Every non-empty family of closed subsets of a Noetherian space has a minimal element 
under set inclusion. 

(5) Every infinite subspace y of a Noetherian space X contains an infinite subspace Z such 
that every proper closed subset of Z is finite. 

(6) No infinite subspace of a Noetherian space can be Hausdorff; in particular, every Hausdorff 
Noetherian space is finite. 

Proof. (1) and (2) are straightforward. 



In view of (1), to show (3) it suffices to prove that every Noetherian space is compact. This 
immediately follows from the fact that every descending chain of closed sets stabilizes. 

(4) follows easily from the fact that the Noetherian spaces satisfy the descending chain condition 
on closed sets. 

To prove (5), it suffices to consider the case when Y = X, since according to (1), a subspace of 
a Noetherian space is Noetherian. Let J- be the family of all infinite closed subsets of X. Since 
X E J^ 7^ 0, we can use item (4) to find a minimal element Z of J-. Clearly, every proper closed 
subset of Z is finite. 

(6) Let X be an infinite Noetherian space. Apply item (5) to y = X to get an infinite subspace 
Z of y = X as in the conclusion of this item. Since Z is an infinite space without proper infinite 
closed subsets, Z cannot be Hausdorff. Since Z is a subspace of X, we conclude that X is not 
Hausdorff either. D 

Bryant [3] discovered a useful technique for building Noetherian spaces: 

Fact 2.2. ([5]) Let (f be a family of subsets of a set X closed under finite intersections and satisfying 
the descending chain condition. Assume also that X G <#. Then the family S"^ consisting of finite 
unions of the members of S" forms the family of closed sets of a unique topology 7# on X such that 
the space {X, 7^) is a Noetherian space. 

From this fact, we can easily show that finite products of Noetherian spaces are Noetherian. 

Recall that a topological space X is called irreducible (connected) provided that for every parti- 
tion (respectively, disjoint partition) X = FqU Fi of X into closed sets Fq and Fi, either Fq = X 
or Fi = X holds. Note that an irreducible space is connected. For an example of a connected 
Ti-space that is not irreducible, take the reals or any connected infinite Hausdorff space. 

An easy induction establishes the following fact. 

Fact 2.3. If X 7^ is an irreducible subset of a space Y and J-" is a finite family of closed subsets 
of y such that X Q\JT, then X C F for some F e F. 

We omit the easy proof of the following fact. 

Fact 2.4. (i) A space X is irreducible if and only if every non-empty open subset of X is dense 

inX. 
(ii) Every continuous map from an irreducible space to a Hausdorff space is constant. In 

particular, the only irreducible Hausdorff spaces are the singletons, 
(iii) Every space with a dense irreducible subspace is irreducible, 
(iv) A dense subset y of a topological space X is irreducible if and only if X is irreducible. 

If X is a space and x € X, then a maximal element of the family of all connected (irreducible) 
subsets of X containing x, ordered by set-inclusion, is called the connected component (respectively, 
an irreducible component) of x. Note that the connected component of a point is uniquely deter- 
mined, while the irreducible ones need not be unique. Connected and irreducible components are 
always closed. 

Fact 2.5. ([19]) Let y be a Noetherian space. Then every subset X of y admits a unique de- 
composition X = Xq U • • • U X„ into a finite union of irreducible, relatively closed (in the subspace 
topology of X) subsets Xj such that Xj \Xj 7^ for i / j. Moreover, each such Xj is an irreducible 
component of X. 

Proof. Assume that X is not a finite union of closed irreducible subspaces. Then the family Z of 
closed subspaces Z of X that are not a finite union of closed irreducible subspaces is non-empty. 
Choose a minimal element Z of Z. Then Z cannot be irreducible, so Z = FqUFi, where Fq and Fi 
are proper closed subspaces of Z. Then, by the minimality of Z, both Fq and Fi are finite unions 
of closed irreducible subspaces of X, which yields Z ^ Z, giving a contradiction. This proves the 



existence of a decomposition X = XqU • • • UX„ of X into a finite union of closed irreducible subsets. 
By deleting some Xj, we can assume, without loss of generality, that Xi \Xj ^% for i ^ j- 

To prove the uniqueness of the decomposition, suppose that X = Xq U ■ ■ ■ U X^^ is another 
decomposition of X into a finite union of closed irreducible subsets such that X'^ \ X'- 7^ for i ^ j. 
Fix i = 1,2, ... ,n. From Xi C Xq U • • • U X^ and Fact 12.31 we deduce that Xi C X'- for some j. 
Analogously, from X'- C Xq U • • • U X^ and Fact 12.31 we must have X'- C X^ for some k. Now 
^i ^ ^k yields k = i, and hence Xi = X',. This shows that m = n, and thus, Xk = X'r,f^-. for all 
A; = 0, 1, . . . , n, where / is an appropriate permutation of n. 

It remains only to be shown that each Xi is a maximal irreducible subset of X. Let T be an 
irreducible subset of X such that Xi C T. Then T C X = Xq U • • • U X„, and Fact 12.31 vields that 
Xj C T C Xj for some j. This implies i = j and T = Xi. D 

Fact 2.6. Let X be a subset of a Noetherian space y. 

(i) X has finitely many connected components. Every connected component Ck of X is a 
clopen subset of X, and the finite family of connected components of X forms a (disjoint) 
partition X = UfcLi C'fc- 

(ii) Every irreducible component Xj of X is contained in some connected component Ck- 

Moreover, if y is a Ti-space, then the following also holds: 

(iii) The set D of isolated points of X is finite, and {d} is a connected component of X for every 

deD. 
(iv) If X is infinite, then the set X\D has no isolated points, its irreducible components are 

infinite and coincide with the infinite irreducible components of X. 

Proof, (i) Assume that X has infinitely many connected components {Cn '■ n ^ N}. Choose a 
point ijn S Cn for every n £ N. By Fact I2.1f 5). there exists an infinite subspace Z of the set 
^ = {Vn ■ n £ N} such that all proper closed subsets of Z are finite. Clearly, Z is connected. Since 
Z intersects with (infinitely many) distinct connected components of Y, we get a contradiction. 
Therefore, X has finitely many distinct connected components Ci, . . . ,Cm- 

(ii) Let Xi be an irreducible component of X. Since Xj C X = UfcLiC'fc, from Fact 12.31 we 
conclude that Xj C Ck for some k = 1, . . . ,m. 

(iii) Let d be an isolated point of X. Since y is a Ti-space, the set {d} is both open and closed in 
X. It follows that {d} is a connected component of X. Applying (i), we conclude that D is finite. 

(iv) Suppose now that X is infinite. Since y is a Ti-space, and D is finite by (iii), X \ D is 
a non-empty open subset of X. Therefore, an isolated point of X \ D is an isolated point of X 
as well, contradicting the definition of D. Let X \ D = IJ"^]^ Xj be the decomposition of X \ L* 
into irreducible components of X \ D. Now one can easily see that X = UjLi ^i U ^Jdeol^} ^^ ^^^ 
decomposition of X into irreducible components of X. D 

A space in which all closed irreducible subsets have a dense singleton is known as a sober space. 
Recall that the spectrum of every commutative ring is a sober space. 

Fact 2.7. A sober Noetherian Ti-space must be finite. 

Proof. Let X be a sober Noetherian Ti-space, and let X = Xq U • • • U X„ be the decomposition of 
X into its irreducible components; see Fact 12.51 Since X is sober, each Xj contains an element Xj 
such that {xj} is dense in Xj. Since X is a Ti-space, the set {xj} is closed in X, which implies 
Xi = {xi}. Therefore, X = {xi, . . . , x„}. D 

Given a topological space X and a natural number n, we write dimX > n if there exists a 
strictly increasing chain 

(1) FQQFiQ...CFn 



of non-empty irreducible closed subsets of X. The combinatorial dimension dimX of a space X is 
the smallest number n S N satisfying dimX < n, if such a number exists, or oo otherwise. Clearly, 
every Hausdorff space (as well as every anti-discrete space) has combinatorial dimension 0. Recall 
that the Krull dimension of a commutative ring coincides with the combinatorial dimension of its 
spectrum. 

Fact 2.8. Let X be a Noetherian Ti-space. 

(a) dim X > if and only if X is infinite. 

(b) If y C X, then dimF < dimX. 

(c) If 5" = IJj=i Sj is a decomposition of a subset 5 of X into irreducible components of 5, 
then dim 5 = maxi<j<fcdimSj. 

(d) If y, Z C X, then dim(y U Z) = maxjdimy, dimZ}. 

Proof, (a) follows directly from the definition. 

(b) If y is closed, then every chain ([T|) witnessing dimy > n will witness dimX > n as well. If y 
is dense in X, then every chain ([1]) witnessing dimy > n will give rise to a chain -Fq ^ -^i ^ • • • ^ -^n 
witnessing dimX > n. In the general case, we have dimy < dimy < dimX by the preceding two 
cases. 

(c) Indeed, the inequality dim 5 > maxi<j<,fc dimS'j follows from (b). Let n = dimS*, and assume 
that ([1]) is a chain of closed irreducible subsets of S witnessing dim S >n. Since the irreducible set 
Fn is contained in the finite union U7=i ^j = S oi closed sets, we conclude that F„ C Si for some 
i = 1,2, . . .k. In other words, the whole chain ([T|) is contained in Si, implying dimSj > n. Hence 
dim 5 = n < dim 5*4 < maxi<j<fcdimS'j. This proves (c). 

(d) Let y = |jr=i ^i ^"^^ ^ ~ Ufci ^j be decompositions of Y and Z into irreducible compo- 
nents; see Fact 12.51 Note that Y L) Z = UiLi Ci U U^i ^j need not be the representation of y U Z 
as a union of irreducible components, since CiUKj = Ci or CiUKj = Kj (i.e., Kj C d or Cj C Kj) 
may occur. Nevertheless, by removing the redundant members in the union IJ^i ^j^ o^^ obtains 
the decomposition y U Z = |J^ Li, ofYUZ into irreducible components Ljy, and from (c) we get 



dim(y U Z) = max{dimL,y} < max < max dimCj, max dimi^,- > = maxjdimy, dimZ}. 

|^l<j<n l<j<™' J 

The inverse inequality dim(y U Z) > maxjdim y, dim Z} follows from (b). D 

Fact 2.9. For a subspace X of a Noetherian space Y, the following conditions are equivalent: 

(a) X is an irreducible Ti-space of combinatorial dimension 1, 

(b) X is infinite and carries the cofinite topology {X \ F : F is a finite subset of X} U {0}, 

(c) X is an infinite space with the coarsest Ti-topology. 

Proof. It is easy to see that (b) and (c) are equivalent and imply (a), even without the assumption 
that y is Noetherian. 

(a) —7- (b) Since dimX = 1 > 0, our X must be infinite by Fact I2.8r a). Let F be a non-empty 
closed subset of X, and let F = Fq L) ■ ■ ■ U Fn be the decomposition of F into its irreducible 
components Fi] see Fact 12.51 Let i < n be a non-negative integer. Choose Xi € -Fj. Since all three 
sets in the chain {xi} Q Fi ^ X are irreducible and dimX = 1, at least one of the inclusions cannot 
be proper; that is, either Fi = X oi Fi = {xj}. From F = Fq U • • • U F^, we conclude that either 
F = X or F is finite. D 

Easy examples show that the implication (a) — ?> (b) fails if X is not Noetherian. 

3. Properties of algebraic sets and the Zariski topology of an abelian group 

For an abelian group G and an integer n, we set G[n] = {x € G : nx = 0}. Clearly, G[n] is a 
subgroup of G, with G[0] = G and G[l] = {0}. 



As usual, for integers m and n, n\m means that n is a divisor of m, and {m,n) denotes the 
greatest common divisor of m and n, in case at least one of these integers is non-zero. For the sake 
of convenience, we set (0, 0) = 0. 

Lemma 3.1. Suppose G is an abelian group, a,b & G and n,m- G N. Then: 

(i) a + G[n] C 6 + G[m] if and only if G[n] C G[m] and a — b G G[m], 
(ii) a + G[n] = b + G[m] if and only if G[n] = G[ni] and a — b ^ G[m\ = G[n], 
(iii) G[n\ n G[m] = G[d] for d = {m,n); in particular, G[n] = G[d] provided that G[n] C G[m], 
(iv) if ZQ G {a + G[n])ri{b + G[m]), then {a + G[n]) n {b + G[m]) = zo + G[d], where d= {n,m). 

Proof, (i) From a + G[n] C fe + G[m\, we deduce G[n] C 6 — a + G[m], so b — a € G[m] and 
G[n] C G[m]. 

(ii) follows from (i), and the proof of (iii) is straightforward. 

(iv) By our hypothesis, ZQ — a£ G[n] and zq — 6 € (^[m], so we conclude that ZQ + G[n] = a + G[n] 
and zq + G[m] = b + G[m]. Since G[n] n G[in] = G[d] by (iii), we get 

(a + G[n]) n (6 + G[m]) = {zq + G[n]) n {zq + G[m]) = zq + {G[n] n G[m]) = zq + G[d]. 

D 

Notation 3.2. Let G be an abelian group. Then ^g denotes the family of all elementary algebraic 
sets of G, and 21^ denotes the family of all finite unions of elementary algebraic sets of G. For 
convenience, we define e;{o} = {0; {0}}; even though is not an elementary algebraic subset of the 
trivial group G = {0}. 

The next lemma collects some basic properties of <Bg- 

Lemma 3.3. For every abelian group G, the family <Eg has the following properties: 
(i) if E ^ ^, then E € G;g if and only if E = a + G[n\ for some a (z G and n € N, 
(fi) iHeiEG andG e (Bg, 

(iii) ^G is closed under the operation x i— )• —x, 
(iv) ^G is closed under taking translations, 
(v) El, . . . ,En ^ 'Bg implies Ei + . . . + En € <Bg, 
(vi) ^G is closed with respect to taking finite intersections, 
(vii) every descending chain in £g stabilizes, so <Sg is closed with respect to taking arbitrary 

intersections, 
(vin) ifk€Z and E e (£g, then {x e G : kx e E} € (^g- 

Proof, (i) Replacing the multiplicative notation from Definition ll.lT i) with the additive notation 
and using commutativity, one immediately gets that E € <Bg if and only ii E = {x G G : nx + b = 0} 
for a suitable integer n and an element b a G. Replacing b with —6, if necessary, we may assume 
that n G N. Choose a a E. Then na + 6 = 0, and so E = {x a G : n{x — a) = 0} = {x G G : 
X - a € G[n]} = a + G[n\. 

(n) Note that G = G[0] G (£g by (i). If G = {0}, then G £g according to Notation [321 If 
G / {0}, choose 5 G G with 5 / and observe that = {x G G : Ox + 5 = 0} G £g- 

(iii) and (iv) follow easily from (i). 

(v) Without loss of generality, we can assume that n = 2 and that both Ei and E2 are non-empty. 
Applying (i), we conclude that Ei = Oi + G[mi\ for some Oi G G and m,j G N (i = 1, 2). Let m be 
the least common multiple of nii and m2- Then G[m] = G[nii] + G[ni2], and (i) now yields 

Ei + E2 = ai + G[mi] + a2 + G[m2] = (ai + 02) + G[mi] + G[m2] = (ai + aa) + G[m] G <Bg- 

(vi) follows from (i) and Lemma l3.1( iv). 

(vii) Assume that m, n G N, a, 6 G G, m > 1, a -|- G[n] is a proper subset of 6 + G[m]. Applying 
items (i) and (iii) of Lemma [3T| we conclude that G[n] = G[d] for a positive divisor d oi m. Since 
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m > 1 has finitely many divisors, every descending chain of elementary algebraic sets stabilizes. 
Now the stabihty of <Eg under arbitrary intersections fohows from (vi). 

(viii) The assertion is true if G = {0}, since <Eg then coincides with the power set of G according 
to Notation [321 Suppose now that G / {0}, and let E' = {x e G : kx e E}. If E' = 0, then 
E' G (Bg by (h). If E' / 0, choose xq G E' . Then kxo e E ^ (I), so E = a + G[n] for some 
a ^ G and n G N; see (i). Hence, /cxq = a + t for some t & G with nt = 0. Let us check that 
E' = xq + G[kn] G ^G- Assume x G E' . Then kx G E, and so kx = a + s for some s G G[n]. As 
kxQ = a + t with t G G[n], we conclude that k{x — xq) = s — t & G[n], and so x — xq G G[kn]. This 
proves that x & xq + G[kn]. In the opposite direction, if x G xq + G[kn], then kn{x — xq) = 0, so 
that A;(x — xo) G G[n], and thus kx — kxQ G G[n]. As /cxq — a G G[n], we conclude that kx — a& G[n] 
as well, and so A;x G a + G[n] = E. D 

Lemma 3.4. For every abelian group G, the family ^g of all algebraic subsets ofG has the following 
properties: 

(i) 21q is closed under the operation x i-^ —x, 

(ii) 21g is closed under taking translations, 
(iii) Ai,...,Ane^G implies Ai + . . . + An e^G, 
(iv) ifkeZ and A G 21g, ^/len {x G G : /ex G A} G 21^- 

Proof, (i) follows from Lemma 13.3( 111): (ii) follows from Lemma l3.3( iv): (iii) follows from Lemma 
IS.Srv): and (iv) follows from Lemma l3.3rviii') . D 



Theorem 3.5. ([3j) Let G be an abelian group. Then: 

(i) (G, 3g) is a, Noetherian space, 
(ii) 21g coincides with the family of all "^G-dosed sets. 

Proof. In view of (ii), (vi), (vii) of Lemma [3^ we can apply Fact 12.21 to conclude that 21g = <£g'^ 
is the family of all closed sets of a unique Noetherian topology on G, and one can easily see that 
this topology coincides with 3g- D 

It follows from Theorem 13.5( 1) that, for an abelian group G, the space (G, 3g) has all the basic 
properties of Noetherian spaces described in Facts 12.11 and 12.51 Clearly, infinite groups G with the 
discrete Zariski topology 3g (see Example 1 1.3p are not Noetherian, and for them, all the properties 
listed in Facts 12.11 and 12.51 fail. 

It follows from Theorem 13.5( 11) that, for a countable abelian group G, the Zariski topology 3g 
is countable as well. In the non-abelian case, one has a completely different situation. Indeed, let 
G be a countable group G such that 3g is discrete; see items (a) and (b) of Example 11.31 Then 
3g has cardinality c. In particular, every subset of G is algebraic, so G has c-many algebraic sets. 
Since G has only countably many elementary algebraic sets, not every algebraic set is a finite union 
of elementary algebraic sets (compare this with Theorem 13.5( 11) ) . 

Corollary 3.6. For an abelian group G, the following conditions are equivalent: 
(i) 3g is Hausdorff, 
(ii) 3g is sober, 
(iii) G is finite, 
(iv) (G,3g) is a topological group. 

Proof. The proof of the implication (i) -^ (ii) is trivial. Since (G,3g) is a Noetherian space by 
Theorem 13.5( 1) , the implication (ii) — )• (iii) follows from Fact 12.71 

To prove the implication (iii) — )• (iv), note that the topology 3g is ^i, and since G is finite, we 
conclude that (G,3g) is discrete. In particular, (G,3g) is a topological group. 

Finally, the implication (iv) -^ (i) holds, since (G, 3g) is a Ti-space, and a Ti topological group 
is Hausdorff. D 
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Corollary 13.61 is typical for the abelian case but fails for non-commutative groups. Indeed, any 
infinite group G with discrete 3g (see Example II. 3p provides an example in which (G, 3g) is a 
Hausdorff (and thus a sober) topological group. 

Corollary 3.7. Let G he an abelian group. Then: 

(i) the inverse operation x i-^ —x is ^g- continuous, 
(ii) for every a ^ G, the translation by a, x >—^ x + a, is a homeomorphism of (G, 3g) onto 

itself, 
(iii) for every k G Z, the map fk ■ (G, 3g) -^ {G-i'^g); defined by fk{x) = kx for x & G, is 

continuous. 

Proof. In view of Theorem IS.St ii) , (i) follows from Lemma I3.4f i) ; (ii) follows from Lemma I3.4r ii) ; 
and (iii) follows from Lemma l3^iv) . D 



Let T be a Ti-topology on an abelian group G. If the "inverse" operation x i— >■ —x is T- 
continuous, and the addition operation {x,y) \-^ x + y is separately T-continuous, then Kaplansky 
calls the pair {G,T) a Ti-group; see [22^ Chap. IV, p. 27]. The same pair is often called a 
quasi-topological group; see [Ij. 

Corollary 3.8. // a group G is abelian, then {G,^g) is a Ti-group (that is, a quasi-topological 
group). 

According to Kaplansky, a Z-group is a Ti-group with a Noetherian topology, and a C-group is 
a Ti-group such that, for any fixed a ^ G, the map x i-^ x~^ax is continuous; see [22!, Chap. IV, 
p. 28]. According to Bryant and Yen [4], a G Z-group is a C-group that is also a Z-group. From 
Theorem 13. 5( i) and Corollary 13.81 it follows that (G, 3g) is a GZ-group. 

The Zariski topology 3g is always Ti. The next fact completely describes the abelian groups G 
for which 3g is the coarsest Ti topology, i.e., the cofinite topology. 

Fact 3.9. ( [31i Theorem 5.1]). For an abelian group G, the following conditions are equivalent: 
(i) every proper algebraic subset of G is finite; that is, 3g coincides with the cofinite topology 

of G, 
(ii) every proper elementary algebraic subset of G is finite, 
(iii) either G is almost torsion-free, or G has exponent p for some prime p. 

Proof. The proofs of (i) -f-)- (ii) and (iii) -^ (ii) are obvious. Let us prove (ii) — >■ (iii). Assume that 
(ii) holds, and G is not almost torsion-free. Then there exists a prime p such that rp(G) is infinite. 
Then the subgroup G\p] of G is infinite. Since G\p] is an elementary algebraic subset of G, (ii) 
implies that G = G[p]. D 

As usual, for a subset y of a topological space {X, T), we denote by T \y the subspace topology 
{YnU -.U €T} generated by T. 

The next lemma shows that the Zariski topology behaves well under taking subgroups. This 
is a typical property in the abelian case (for counter-examples in the non-abelian case, see |10j). 
Although this lemma can be deduced from [10| Lemma 2.2(a), Lemma 3.7 and Corollary 5.7], we 
prefer to give a direct, short and transparent proof here for the reader's convenience. 

Lemma 3.10. For every subgroup H of an abelian group G, one has 3g \h= 3h- 

Proof. In view of Theorem 13. 5f ii) and the formulae ^g^ = 2lc (Eh^ = 21//, it suffices to check that 
(Eh = {H n A : A e (£g}- Note that 

(2) h + H[n] = Hn{h + G[n]) for ah n G N and h e H. 

Assume that % ^ B ^ (Bh. Then B = h -\- H[n] for some h G H and n £ N; see Lemma 
K^i). Since A = h + G[n] G £g by Lemma E^l^i), and B = H n A hy 1^, we conclude that 

<tH '^{HnA-.Ae ^g}- 
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Let A £ (^G- Assuming that H tl A ^ $, choose h £ H tl A. From 7^ ^ G C;g and Lemma 
I3.3l fi). it follows that A = a + G[n] for some a £ G and n G N. According to Lemma 13.1( 11). one 
has A = a + G[n] = /i + G[n], and so H{^A = h + H[n] S ^h by ([2|) and Lemma [331^ 1). This proves 
that {HnA:A£(tG}'^^H- □ 

Remark 3.11. Lemma r3.10l on Inclusions H ^-^ G cannot be extended to arbitrary homomorphlsms 
f : H ^ G. Indeed, define H = Q, G = Q/Z, and let / : i7 — t- G be the canonical homomorphlsm. 
We claim that / Is not continuous when both groups have Zarlskl topologies. To see this, note that 
the subset F = {0} of G Is 3G-closed, while Z = f~^{F) Is not Siz-closed, since 3h Is the cofinlte 
topology of H by Fact 13. 9[ Therefore, 3g is not a functorlal topology In Charles sense; see p2i §7]. 

Our next result establishes two fundamental properties of the Zarlskl closure. 

Theorem 3.12. Let G be an abelian group. Then: 

(1) cl^ai^ + B) = cl^aiA) + cl3g(5) whenever A (1 G and B QG, 
(11) cl3g(a + S) = a + 013^, (5) for each a £ G and every subset S of G. 

Proof. (1) According to Lemma l3.4l flll). the set cl^^^A) + c13q(-B) Is 3G-closed and contains A + B, 
which Implies that 

(3) ch,JA + B)Cd^JA)+cl3jB). 

Let us prove the Inverse Inclusion. All translations x 1— > x + a (a G G) are 3G-contlnuous by 
Corollary I3.7l fll) , and so 

(4) cl3e (G) +D C cl3g (C + D) for every pair of subsets C, D of G. 
We claim that 

(5) cl3^(A) + cl^^iB) C cl3^(A + cl^aiB)) ^ cl3^(cl3 Jyl + B)) = cl^^{A + B). 

Indeed, the first Inclusion In ([5]) Is obtained by applying ^ to G = A and D = c\^^{B), and the 
second Inclusion In ([5]) Is obtained by applying ^ to G = B and D = A. Combining ^ and ([5]), 
we get (1). 

(11) Since (G, 3g) is a Ti space, (11) Is a particular case of (1) applied to A = {a} and B = S. 
Note that (11) also follows directly from Corollarv 13.7( 111. D 

According to Theorem 13.121 the addition function fi : G x G ^ G defined by fi{x, y) = x + y 
maps the 3g >< 3G-closure of a rectangular set Ax B to the 3G-closure of the image ^{A x B). This 
fact is significant, since this does not hold for arbitrary subsets of G x G, as the following remark 
demonstrates. 

Remark 3.13. For an infinite group G, there always exists a set X (^ G x G, such that /i maps 
the 3g X "^G-closure of X outside of the 3g closure of fj,{X). Indeed, assume that /i maps the 
3g X 3G-closure of X in the 3g closure of IJ-{X) for every subset X of G x G. Then the map 
fi : {G X G, 3g ^ 3g) -^ {G, 3g) must be continuous. That is, the addition (x, y) 1— )■ x + y becomes 
3G-contlnuous. Since the Inverse operation x 1— > — x is always 3G-contlnuous by Corollary 13.7( 1). 
it follows that (G, 3g) is a topological group. Thus, G must be finite by Corollary 13.61 which is a 
contradiction. 

One can easily find an X as in the above example in the case G = Z, or any almost torsion- free 
infinite group. Indeed, let y be a countably infinite subset of G. Since G carries a cofinlte topology 
by Fact 13.91 one can easily check that the set X = {{y, —y) : y G 1"} C G x G is 3g x 3G-dense, 
and so G X G = cl3g,x3G(-'^)- On the other hand, n{X) = {0}, and so cl^^{fi{X)) = {0}. This 
shows that /x(c13^x3g(^)) \ d^dKX)) = KG x G) \ {0} = G \ {0} / 0. 

Definition 3.14. A countably infinite subset X of an abelian group G will be called a '^G-o-tom 
provided that 3g \x= {X \F : is a finite subset of X} \J{^} is the cofinlte topology of X. 
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We refer the reader to Fact 12.91 for other conditions equivalent to the condition from Definition 

EH 

Obviously, an infinite subset of a "^g-^^oui is still a 3G-a.tom. 

The Zariski closures of 3G-atoms are precisely the irreducible (and hence, elementary) algebraic 
sets; one of the implications is proved in item (i) of the next proposition, while the other one is 
given in Corollaries 16.51 and I6.6[ 



Proposition 3.15. Let X be a '^G-o-tom of an abelian group G. Then: 

(i) cl3g(X) is irreducible, 

(ii) there exists a £ G and n S N such that cl3g,(X) = a + G[n], 
(iii) if F is a ^c-dosed subset of G, then either F f] X is finite or X Q F, 

(iv) any faithfully enumerated sequence {x^ : k € N} of points of X converges to every point 
X ed^^{X). 

Proof, (i) Clearly, X is irreducible. Therefore, c\-jq{X) must be irreducible by Fact 12.4( 111). 

(ii) Note that c13q(X) G 21^ by Theorem I3.5( ii). so c13q(X) = IJ/" for some finite family 
•?^ ^ 2;g ^ 3g- Since cl3g(X) is irreducible by item (i), applying Fact 12. 3( we conclude that 
c13q(X) = F for some -F G J-". Now (ii) follows from Lemma l3. 3( 1). 

(iii) Let F be a 3G-closed subset of G. Then F n X is a closed subset of (X, 3g \x)- Since X is 
a 3G-atom, from Fact I2.9r b) one concludes that either F f] X is finite or F n X = X (and hence, 
X CF). 

(iv) Let {xk : A; € N} C X be a faithfully indexed sequence. Fix an arbitrary point x G cl3g(X). 
Let U he a, 3G-open subset of G containing x. Then C/nX is a non-empty 3g tx-open subset of X. 
Since X is a 3G-atom, from Fact I2.9r b) one concludes that U fl X = X \T for some finite subset 
T of X. In particular, X \T (^ U. It follows that U contains all but finitely many elements of the 
sequence {xk : k € N}. Since U was taken arbitrarily, we conclude that the sequence {xk : A; G N} 
converges to x. D 

4. Essential order and Zariski irreducible subsets 

For a subset X of an abelian group G and a natural number n, we define nX = {nx : x G X}. 
The group G is bounded if nG = {0} for some n G N \ {0}, and G is unbounded otherwise. 

We say that d G N is a proper divisor o/ n G N provided that d {0, n} and dm = n for some 
m G N. Note that, according to our definition, each (i G N \ {0} is a proper divisor of 0. 

Definition 4.1. Let n G N. An abelian group G is said to be of exponent n if nG = {0} but 
dG ^ {0} for every proper divisor d of n. In this case, we call n the exponent of G. 

In particular, G[n] has exponent n precisely when G[n] ^ G[d] for every proper divisor d of n. 
Note that the only abelian group of exponent 1 is {0}, while a group G is of exponent precisely 
when G is unbounded (i.e., nG ^ {0} for every positive integer n). 

Lemma 4.2. If G is an abelian group and m G N, then there exists n G N such that G[m\ = G[n\ 
and G[n] has exponent n. 

Proof. If G[m] is unbounded, then m = and G[m] has exponent 0, so n = ?n, works. If G[m\ is 
bounded, then G[m\ has exponent n for some divisor n of m. Clearly, G[m\ = G[n] in this case. D 

Definition 4.3. Let G be an abelian group. 

(i) If G is bounded, then the essential order eo{G) of G is the smallest positive integer n such 

that nG is finite, 
(ii) If G is unbounded, we define eo{G) = 0. 
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The notion of the essential order of a bounded abehan group G, as well as the notation eo(G), 
are due to Givens and Kunen [18], although the definition in [18j is different (but equivalent) to 
ours. 

Lemma 4.4. If G be a bounded abelian group, n = eo{G) and mG is finite for some m £N\ {0}, 
then n divides m. In particular, the essential order eo{G) of a bounded group G divides its exponent. 

Proof. Clearly, m > n hy Definition I4.3l fil. Assume that n does not divide m. Then there exists 
unique integers q £ N and r satisfying m = qn + r and < r < n. Since r = m — qn, the group 
rG C mG + qnG is finite, which contradicts n = eo{G). D 

Lemma 4.5. Let G be an abelian group and n = eo{G). Then: 
(i) G[n] has finite index in G, 
(ii) eo{G[n]) = eo{G) = n. 

Proof. If n = 0, then G\n\ = G[0] = G, and both items (i) and (ii) trivially hold. So we now assume 
that n > 1. Then G is a bounded torsion group. 

(i) By Definition 14.3( 1). nG = G/G[n\ must finite. Hence, G[n] is a finite index subgroup of G. 

(ii) Let m = eo(G[n]). Since G[n] is bounded, m > 1. By Lemma 14.41 ^^ divides n, and so 
G\m] C G[n\ and m < n. From (i) we conclude that G[m] has a finite index in G[n]. Since G[n] 
has a finite index in G, it follows that G[m] has a finite index in G. Hence mG = G/G[m] is finite, 
which implies n = eo{G) < m. This proves that m = n. D 

The next theorem describes the connected component and the irreducible component of the 
identity of an abelian group in the Zariski topology. 

Theorem 4.6. Let G be an infinite abelian group and n = eo{G). Then: 
(i) G[n] is a 'ic-dopen subgroup of G, 

(ii) G[n\ is both the connected component and the irreducible component of the identity of the 
space (G,3g)- 

Proof, (i) By Lemma 14.5( 1). G[n\ has a finite index in G. Since each of the finitely many pairwise 
disjoint cosets of G[n] are Bc-closed, all of them must also be 3G-open. Therefore, G[n] is 3G-clopen. 
(ii) The irreducible component £J of must be an elementary algebraic set, and so E = a + G[m] 
for suitable a £ G and m £ N; see Lemma l3. 3( 1). Since £ E, we conclude that E = G[m]. From 
Corollary 13.71 we obtain that a + G[m] is the irreducible component of a for every a £ G. Since 
(G, 3g) is Noetherian by Theorem 13. 5( i). the number of irreducible components of (G,3g) must 
be finite according to 12.51 Therefore, G = G[m] + F for some finite subset F of G. Since the set 
mG = mG[m] + mF = mF is finite, n = eo{G) divides m by Lemma 14.41 Therefore, G[n\ C G[?ti]. 
By (i), G[n] is a clopen subgroup of G. Since G[m\ is connected, we must have G[m] = G[n\. D 

Corollary 4.7. For an infinite abelian group G, the following conditions are equivalent: 
(i) {G, 3g) is connected, 
(ii) (G,3g) is irreducible, 
(ill) G = G[n\, where n = eo{G). 

Corollary 4.8. Let E be an elementary algebraic set of an infinite abelian group H . Then: 
(i) if E is connected, then E is irreducible, 
(ii) the irreducible components of E are disjoint. 

Proof. Assume that E ^ 9. According to Lemma 13.3( 1). E = a + II[m] for some a £ H and m € N. 
By Corollary 13.7( 11). all topological properties involved in (i) and (ii) are translation invariant, so 
we can assume without loss of generality that E = II[m]. Let G = E and n = eo{G). Lemma 13.101 
implies that 3g = 3h \g- Therefore, without loss of generality, we may also assume that H = G. 
Applying Lemma 145^ 1) and Theorem 14.61 to G, we conclude that G[n] is an irreducible 3G-clopen 
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subgroup of G of finite index, and G[n] coincides with the connected component of the identity of 

(i) Since G = E is connected, we deduce that E = G[n\, and so E is irreducible. 

(ii) Let (7i + G[n], . . . , (7fc + G[n] be pairwise disjoint cosets of G[n] such that G = |J-|^<^<^, (71 + G[n]. 
Since G[n] is irreducible, each gi + G\n] is also irreducible by Corollary I3.7r ii). It now follows that 
gi + G[n], . . . , Qk + G[n] are precisely the irreducible components of G = E. D 

Example 4.9. Let G = Z(6)('^). Applying Theorem |M] to the groups Ei = G[2] and E2 = G[3], 
we conclude that Ei and E2 are irreducible (and hence, connected) 3G-closed subsets of G. Since 
G Eir\E2 7^ 0, the algebraic set F = E1UE2 is a connected non-irreducible set in G. Furthermore, 
El and E2 are irreducible components of F. This shows that both items of Corollary 14.81 fail for 
(non-elementary) algebraic sets. 

Proposition 4.10. For an abelian group G and an integer n G N the following conditions are 
equivalent: 

(i) eo{G[n]) = n, 
(ii) G[n\ is irreducible and has exponent n. 

Proof. Let H = G[n]. By Lemma [3.101 H is an irreducible subset of (G,3g) if and only if {H,'5h) 
is irreducible. Hence, we will argue with the group H = H[n] instead of G. 

(i) -^ (ii) As eo{H) = n, Theorem 14.61 implies that {H,'^h) is irreducible. Since eo{H) = n and 
nH = 0, it follows that H has exponent n. 

(ii) — > (i) If n = 0, then H is unbounded, as a group of exponent 0. Hence, eo{H) = by 
Definition I4.3( ii). If n = 1, then H = {0}, and so eo{H) = 1. Assume now that n > 1. Suppose 
mGN, l<?7i<n and mH is finite. As mH = H/H[m\ is finite, the closed subgroup H[m] of 
H has finite index, so it is a clopen subgroup of H. As H is irreducible, this yields H[m] = H. 
Thus, mH = {0}. Since m < n, this contradicts the fact that the group H has exponent n. This 
contradiction proves that mH is infinite for every ttt, € N satisfying 1 < m < n. Since nH = {0}, 
we get eo{H) = n. D 

Let us give an example illustrating the usefulness of Proposition 14.101 

Example 4.11. Let G he a divisible abelian group. If p is a prime number, n G N \ {0} and G[p"] 
is infinite, then G\p'^] is an irreducible subgroup of G. Indeed, let B = {xi : i € /} be a minimal set 
of generators of the subgroup G[p]; that is, i? is a base of G\p] considered as a linear space over the 
field Tj/pTj. Since G is divisible, for every i G I, there exists yi £ G such that p^~^yi = Xj. Then 
yi G G[p"] for every i £ I, the subgroup of G generated by {yi : i € 1} coincides with G[p"'] and 
G[p"'] = ^jZ(p"). Since G[p"] is infinite, / must be infinite as well. This yields eo{G[p^]) = p^, 
and the implication (i) -^ (ii) from Proposition 14.101 shows that G[p"] is irreducible. 

According to Priifer's theorem [n\ Theorem 17.2], every bounded abelian group G is a direct 
sum of cyclic groups, so that 

pGP sGN 

where only finitely many of the cardinals Kp^g are nonzero; these cardinals are known as Ulm- 
Kaplansky invariants of G. For every p E P, the Kp^g > with maximal s is referred to as the 
leading Ulm-Kaplansky invariant of G relative to p. 

If G is a bounded torsion abelian group and n = eo{G), then it easily follows from Priifer's 
theorem that there exists a decomposition G = Gi F, where F is finite, eo(Gi) = n, and Gi has 
exponent n. 

We will now characterize the condition eo{G[n]) = n (for n > 1) that appears in Proposition 
14.101 in terms of the Ulm-Kaplansky invariants of G. 
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Proposition 4.12. Given an integer n > 1 and an infinite abelian group G, the following conditions 
are equivalent: 

(i) eo{G[n]) = n, 

(ii) all leading Ulm-Kaplansky invariants of G[n\ are infinite, 

(iii) there exists a monomorphism Z(n)''^^ ^^ G[n]. 

Proof, (i) — )• (ii) If eo{G[n]) = n and p is a prime dividing n, tlien the leading Ulm-Kaplansky 
invariant relative to p is determined by the p-rank of the subgroup {n/p)G[n] of exponent p. Now, 
by our hypothesis, this group is infinite, and hence, the leading Ulm-Kaplansky invariant relative 
to p is infinite as well. 

(ii) — > (iii) Let P be the finite set of primes p dividing n. For every p ^ P, let p'^p be the highest 
power of p dividing n. By (ii), the leading Ulm-Kaplansky invariant Kp^kp of G[ri] is infinite. Hence, 

the p-primary component of G[n] has a direct summand of the form Z{p pp'^^'^'p' . Therefore, there 
exists a monomorphism Z{p^p)^'^^ ^^ G[n]. Since 0„gpZ(p'^*')*-'^'' — I^{n)^'^\ this implies (iii). 

(iii) -^ (i) Suppose that m, G N and 1 < m < n. Then the group mG[n\ contains the infinite 
subgroup m (Z(n)''^^) = Z(n/(i)''^\ where d = {m,n) is the greatest common divisor of m and n. 
Since nG[n] = {0}, this proves that eo{G[n]) = n. D 

5. Almost n-TORSiON sets as building blocks for the Zariski topology 

Definition 5.1. (i) For a given n G N, we say that a countably infinite subset S of an abelian 

group G is almost n-torsion in G if S C G[n] and the set {x (z S : dx = g} is finite for each 
g G G and every proper divisor d of n; see [8]. 
(ii) For n G N, let T„(G) denote the family of all almost n-torsion sets in G. 
(iii) Define T(G) = \J{'^n{G) : n G N}. 

In order to clarify Definition 15.11 and to facilitate future references, we collect basic properties of 
almost n-torsion sets in our next remark. 

Remark 5.2. Let G be an abelian group. 

(i) Ti(G) = 0; that is, there are no almost 0-torsion sets, 
(ii) T„(G) n Tm(G) = for distinct m,n G N. 

(iii) Each family T„(G) is closed under taking infinite subsets, and so T(G) has the same prop- 
erty, 
(iv) If /i- is a subgroup of G, then T„(F) = {S G T„(G) : 5 C H} for every n G N; see [H 
Lemma 4.4]. In particular, whether a set S is almost n-torsion in G depends only on the 
subgroup of G generated by S. 

Notation 5.3. For an abelian group G and S G T(G), we use n^ to denote the unique integer 
n G N such that S G T„(G). (The uniqueness of such n follows from Remark l5.2r ii).) 

The notion of almost n-torsion set was introduced first in ^15t Definition 3.3] under a different 
name and has been even split into two cases; see [8l Remark 4.2] for an extended comparison 
between this terminology and the one proposed in |15j . 

The almost n-torsion sets were used in |8l |T5] to build countably compact group topologies on 
abelian groups, while they were used in [3l] to construct independent group topologies on abelian 
groups. But only in the context of the Zariski topology can one fully realize the true power of these 
remarkable sets due to their close relation to Bc-atoms; see Theorem 16.21 In fact, this relation 
permits us to describe the Zariski topology of the abelian groups in full detail; see Sections 6 and 
8. 

Definition 5.4. For a subset X of an abelian group G, we define 

(6) M{X) = {n G N \ {0} : X n (a + G[n]) is infinite for some a G G}. 
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and 

r minM(X), ifM(X)/0 
(^^ ""^^^"lo, ifM(X) = 0. 

We shall see in Corollary 15.71 below that the function X i— > m(X) is an extension of the function 
S ^^ ns from the family T(G) to the family of all subsets of G. 

From Definition 15.41 it immediately follows that Tn(-^) = m{g + X) for every g ^ G and each 
X C G. Our next lemma shows that in ([6]), it suffices to consider only those a € G that are 
elements of X. 

Lemma 5.5. For every subset X of an abelian group G, one has 

(8) M{X) = {n G N \ {0} : X n (x + G[n]) is infinite for some x G X}. 

Proof. Assume that Xri{a + G[n]) is infinite for some a G G and n G N. Choose xq G Xri{a + G[n]). 
Since xq + G[n] = a + G[n], the intersection X n (xq + G[n\) = X n {a + G[n]) must be infinite as 
well. This proves the non-trivial inclusion in ([8]). D 

The following lemma provides two reformulations of the notion of an almost n-torsion set. 

Lemma 5.6. Let G be an abelian group and n G N. For a countably infinite set S C G[n\, the 
following conditions are equivalent: 
(i) S is almost n-torsion, 

(ii) 5 n (a + G[d]) is finite whenever a £ G and d is a proper divisor of n, 
(in) n = m{S). 

Proof. The equivalence of (i) and (ii) is proven in [15, Remark 3.4]. Let us now prove that (ii) and 
(iii) are also equivalent. We consider two cases. 

Case 1. n = 0. Since every integer n G N\{0} is a proper divisor of 0, condition (ii) is equivalent 
to M{S) = by ([6]), and the latter condition is equivalent to m(S') = by ([7]). 

Case 2. n G N \ {0}. Since S n G[n] = S is infinite, n G M{S) / by ([6]). 

Let us prove that (u) -^ (in). Let m = m{S). Since M{S) / 0, m > 1 by dH). Since m G M{S), 
([6]) implies that the set S' = S (1 {a + G[m]) must be infinite for some a £ G. Since 5" C S" C G[n], 
we have S' C G[n] fl (a + G[?n,]) = zq + G[d], where zq € G and d = {n,m)] see Lemma [3TT iv) . 
Since m > 1 and n > 1, we have d > 1. Since S {zq -\- G[d]) contains the infinite set S", 
d G M{S) by ([6]). Since m = min M(S'), we conclude that m < d. Since d divides m, we must have 
d = m. Since d = m £ M{S), from (ii) it follows that d cannot be a proper divisor of n. Hence, 
n = d = m = m{S). This establishes (iii). 

The reverse implication (iii) -^ (ii) is obvious. D 

Corollary 5.7. If G is an abelian group and S G T(G), then m{S) = ng. 

Corollary 5.8. A countably infinite subset X of an abelian group G is almost 0-torsion if and only 
ifm{X) = 0. 

Proof. Since X C G = G[0], the conclusion follows from the equivalence (iii) o (i) of Lemma 
K6[ D 



Lemma 5.9. Suppose that m,n &N, S is a almost n-torsion subset of an abelian group G, a (z G 
and S n (a + G[m,]) is infinite. Then G[n] C a + G[m,]. 

Proof. By Lemma IXH iv). S C G[n] fl (a + G[m]) = zq + G[d] for some zq G S, where d = {n,m) 
is the greatest common divisor of n and m. Since S is infinite, from the implication (i) -^ (ii) of 
Lemma [5161 it follows that d cannot be a proper divisor of n. Hence, d = n. Since zq G S CI G[n], 
we have zq + G[d] = zq + G[n] = G[n]. We have thus proven that G[n] fl (a + G[m]) = G[n], which 
yields G[n] Ca + G[m]. D 
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Proposition 5.10. Given n G N and a countably infinite subset S of an ahelian group G, the 
following conditions are equivalent: 

(i) S is almost n-torsion, 
(ii) G[n\ has exponent n, 013^ (5") = G[n] and S is a '^G-c-tom. 

Proof, (i) —^ (ii) Suppose that d{G[n]) = (i.e., G[n] = G[d]) for some proper divisor d of n. Then 
{x G S : dx = 0} = {x & S : nx = 0} = S, because S C G[n]. Since S is infinite, 5 is not almost 
n-torsion, which contradicts (i). This proves that G[n] has exponent n. 

Let F be a 3G-closed set. According to Theorem 13. Sf ii). there exist A; € N \ {0}, ai, ...,ak € G 
and positive integers ni, ...,nfc such that F = (ai + G[rai]) U (02 + G[n2]) U . . . U (a^ + G[nfc]). If 
S* n F is infinite, then S D {oi + G[ni]) must be infinite for some i < k. Now Lemma 15.91 imphes 
that S C G[n] C a, + G[ni] C F. This shows that 5 is a 3G-atom satisfying G[n] C c13q(S'). Since 
S C G[n] and G[n\ is 3G-closed, we also have the reverse inclusion, namely, cl^^{S) C G[n]. 

(ii) —^ (i) It suffices to prove that S satisfies the condition (ii) of Lemma 15.61 Let a ^ G and d 
be a proper divisor of n. Since G\n\ has exponent n, the set E = a + G[d\ is either disjoint from 
G[n] or a proper closed subset of G\n]. In the first case, S r\ E = %. In the second case, since E 
is a proper closed subset of G[n] and c\-^^{S) = G[n], SHE must be a proper closed subset of S. 
Since S is a 3G-atom, it follows that S (1 E must be finite. D 

Lemma 5.11. Suppose that Y is a subset of an abelian group G and Ti. ^ % is a countable family of 
subgroups ofG such that ^\Ui<fc(^i + -^j) 7^ ® whenever A; € N, ao, . . . , afc ^ G and Hq, . . . , H^ G Ti. 
Then there exists an infinite set S" C y such that S n{a + H) is finite whenever a ^ G and H ^Ti. 

Proof. Let % = {Hn ■ n G N} be an enumeration of Ti. For a finite set F C G and /c G N, define 
Ep^k = Ui<fc P + Hi, and note that Y \ Ep^k 7^ by the assumption of our lemma. Therefore, by 
induction on k, we can choose a sequence {yt : A: G N} such that yt+i € y \ Ep^^k for every A; G N, 
where Fk = {yo; ■ ■ ■ iVk}- Indeed, Y ^ % allows one to choose yo ^ Y . Assuming that yo, . . . ,yk 
have already been chosen, select yk+i &Y\ Epf,^k / 0. 

We claim that S = {yk : A; G N} is as required. Clearly, S C y. Since "H 7^ 0, from our choice 
of yk+i, it follows that yk+i ^ Fk + Hq = {yo, . . . ,yk} + Hq. Since G Hq, we conclude that 
Uk+i ^ {yo, ■ ■ ■ ,yk}- Therefore, S is infinite. Assume now that a £ G and H £ %. Then there 
exists n G N such that H = H^. We must show that the set 5 fl (a + H) = S r\ {a + Hn) is 
finite. If this set is empty, then the proof is complete. Suppose now that ym G a + Hn for some 
m G N. Define k = max(m, n). Let j > A; be an arbitrary integer. Suppose that yj & a + Hn. Then 
Vj -Vm^Hn, and so 

Vj &ym + Hn<^ Fk + Hn(^ Fj-l + i^n ^ Ep^_^j^i, 

which contradicts the choice of yj. This proves that 5 n (a + Hn) ^ {yg, . . . , y^}. D 

Our next proposition is the main result of this section. It provides an important characterization 
of sets containing an almost n-torsion set that will be used frequently in subsequent sections. 

Proposition 5.12. Suppose that n G N and G is an abelian group. Then for every infinite set 
Y C G[n], the following conditions are equivalent: 

(i) y contains an almost n-torsion set, 

(ii) G[n] is an irreducible subgroup of G of exponent n, and c\-^i^(Y) = G[n\, 
(iii) eo{G[n\) = n and c\-i,q{Y) = G[n\. 

Proof. Since G[l] = {0} contains no infinite subsets Y , our proposition trivially holds for n = 1. 
Therefore, for the rest of the proof, we assume that n G N \ {!}. 

(i) —7- (ii) Let S be an almost n-torsion subset of Y . Applying the implication (i) — )• (ii) of 
Proposition I5.1Q|. we conclude that S is 3G-a'tom, G[n\ has exponent n, and G[n\ = c\^q{S) C 
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c12,q{Y) C G[n]. In particular, 013^(1^) = G[n]. Since 5 is a 3G-atom, G[n] = cl^^i^S) is irreducible 
by Proposition 13.15( 1) . 

(ii) -^ (1) Define H = {G[d] : d G D}, where D is the set of all proper divisors of n. We claim 
that G, Y and Ti satisfy the assumptions of Lemma fS-lll Indeed, observe that {0} = G[l] G "H 7^ 0, 
since 1 is a proper divisor of every n G N\{1}. Furthermore, suppose that /c G N, oq, . . . , a^ G G and 
Hq, . . . , Hk G H. Assume that Y C E = IJi<fc('^« + ^«)- Since E is 3G-closed, G[n] = cl;2,^{Y) C E. 
Since G[n] is irreducible, G[n] C ai + Hi for some i < A; by Fact 12.31 As Hi = G[di] for some di G .D, 
Lemma l3.ir i) yields G[n\ C G[(ij]. From di G D, it follows that di is a proper divisor of n, and 
so G\di] C G[n]. Thus, G[di] = G\n\, which contradicts our assumption that G[n\ has exponent n. 
This shows that Y \ Ui<fc(oi + Hi) / 0. 

Let S" be a set from the conclusion of Lemma 15.111 Then S is almost n-torsion by implication 
(ii) -^ (i) of Lemma 15.61 

(ii) f-T- (iii) This follows from Proposition 14. lOl D 

Corollary 5.13. For a given integer n G N, an ahelian group G contains an almost n-torsion 
subset if and only if eo{G[n\) = n. 

Proof. Apply Proposition 15.121 to Y = G[n\. D 

Our next proposition provides a simple characterization of the sets that contain an almost 0- 
torsion set. It will be used in Theorem 17.41 to describe the Zariski dense subsets of an unbounded 
abelian group G. 

Proposition 5.14. For a subset Y of an abelian group G, the following conditions are equivalent: 

(i) Y contains an almost 0-torsion set, 
(ii) mY is infinite for every integer m G N \ {0}, 
(iii) Y \ {G[m] + F) 7^ for every integer tti G N \ {0} and each finite subset F of G. 

Proof, (i) — )• (ii) Let S be an almost 0-torsion subset of Y . Assume that mS is finite. Then we can 
find So G S such that ms = tusq for infinitely many s G 5". Since m is a proper divisor of 0, this 
contradicts Definition 15.11 This shows that mS (and then mY as well) must be infinite. 

(ii) -^ (iii) Assume Y C G[m] + F for some integer ttt, G N \ {0} and some finite subset F of G. 
Then mY C mF is finite, which contradicts (ii). 

(iii) — )■ (i) We claim that G, Y and Ti = {G[n] : n G N \ {0}} satisfy the assumptions of Lemma 
15.111 Suppose that A; G N, oq, . . . , afc G G and Hq, . . . , Hk G 7i. Then there exist mo, . . . , ruk G 
N \ {0} such that Hi = G[mi] for i < k. Let m = mom-i . . . m^. Then 

\J{ai + Hi) = [J{ai + G[mi]) C \J{a, + G[m]) = {oq, . . . ,ak} + G[m], 

i<k i<k i<k 

and (iii) implies that Y \ IJi<A;('^« + -^«) 7^ ^■ 

Let 5" be a set from the conclusion of Lemma 15.111 Since (iii) obviously implies that G is 
unbounded, G has exponent 0. Since N \ {0} is the set of all proper divisors of and S satisfies 
Lemma 15. IH S is almost 0-torsion by the implication (ii) -^ (i) of Lemma 15.61 D 

Corollary 5.15. An abelian group G contains an almost 0-torsion subset if and only if G is 
unbounded. 

Proof. This follows from Proposition 15.141 when Y = G. Alternatively, this also follows from 
Corollary 15.131 when n = and Definition 14.3( 11) . D 

There is another, direct proof of this corollary. Clearly, bounded groups have no almost 0-torsion 
subsets. Now assume that G is unbounded, and choose for every n > an element Sn & G such 
that n\sn 7^ 0. If G is non-torsion, then any infinite cyclic subgroup of G is an almost 0-torsion 
subset, so we shall assume that G is torsion. In this case, S = {s„ : n G N} is an almost 0-torsion 
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subset of G. Indeed, consider a non-zero d G N and h £ G. It suffices to prove that the equation 
dsn = h holds only for finitely many n E N. Since G is torsion, noh = for some no > 0. Suppose 
that n G N and n > uq + d. Then nod|n!, and nlsn 7^ yields n^dsn 7^ 0. Since n^h = 0, it follows 
that dsn 7^ h. 

Proposition 5.16. An infinite abelian group G is almost torsion-free if and only ifG has no almost 
n-torsion sets for any integer n > 0. 

Proof. Assume that G is almost torsion- free. For every prime p, the p-rank rp{G) of G is defined 
as the dimension of the subgroup G[p] over the field TLjpTL. Hence, the subgroup G[p"*] is finite for 
every m € N. Now fix a positive n G N. The subgroup G[n] of G is a sum of subgroups of the form 
G[p"^], where the prime powers p^ run over all divisors of the form p^ in the prime factorization 
of n; hence, G\n\ is finite. This proves that G has no almost n-torsion sets. 

On the other hand, \ip is an arbitrary prime and G has no almost p-torsion sets p, then r.p{G) < 
00. Therefore, G is almost torsion-free. D 

6. Irreducible sets and 3g-atoms 

Lemma 6.1. Assume that n G N, S" is an almost n-torsion subset of an abelian group G and a a G. 
Then a -\- S is almost n-torsion if and only if a a G[n]. 

Proof. Assume that a + S" is almost n-torsion. Then a + S* C G[n]. Since S C G[n], we conclude 
that a G G[n]. 

Assume now that a G G[n]. Since S C G[n], we have a + S C G[n]. Let g a G, and let d be a 
proper divisor of n. Since S is almost n-torsion, the set {s € S : ds = g — da} = {x € a + S : dx = g} 
must be finite. Thus, a-\- S is almost n-torsion as well. D 

Our first theorem in this section shows that Sc-atoms X are precisely the translates of almost 
m(X)-torsion sets. (See Definition 15.41 for the number m{X).) 

Theorem 6.2. For a countably infinite subset X of an abelian group G, the following conditions 
are equivalent: 

(i) X is a '^G-O'tom, 

(ii) there exists a ^ G such that X — a G T(G), 

(iii) for every x (z X , the set X — x is almost m{X) -torsion. 

Proof, (i) -^ (ii) By Proposition 13. IST ii) . c13q(X) = a + G[n] for some a ^ G and n G N. By Lemma 
14.21 we may assume that G[n\ has exponent n. Let S = X — a. By Theorem I3.12( ii). cl3g(S') = 
c\^q{X — a) = c\^q{X) — a = G[n]. Furthermore, since AT is a 3G-afom, from Corollary 13. 7( ii) we 
conclude that S must be 3G-atom as well. Applying the implication (ii) — )• (i) of Proposition 15. 10^ 
we obtain that S must be almost n-torsion. That is, S G T„(G) C T(G). 

(ii) —7- (iii) Let S = X — a and n = 1x5. By Corollary 15.71 m(5) = n. Therefore, m(X) = 
m(X — a) = m(S') = n since the function m(— ) is translation invariant. Let x G A. Since 
X — a G G[n], we have a — x G G[n], and so a — x + S' = Ar — x is almost n-torsion by Lemma |6. 11 

(iii) -^ (i) Let x G A. Since S = X — xis almost m(A)-torsion, it is a 3G-atom by the implication 
(i) -^ (ii) of Proposition 15.101 Then X = x + S* is a 3G-atom by Corollarv 13.7( 11). D 

Corollarv 15.81 shows that the translates in the above theorem are not necessary when m(A) = 0. 
We now characterize all elements b & G such that A — 6 is an almost m(X)-torsion set. 

Proposition 6.3. Let X be a ^c-^tom of an abelian group G, and let n = m(A). Given b € G, 
the set X — b is almost n-torsion if and only if b ^ X + G[n\. 

Proof. Assume that 6 G A + G[n\. Then there exists x G X such that 6 — x G G[n\. By the 
implication (i) -^ (iii) of Theorem 16.21 Sx = X — x is an almost n-torsion set. Since x — 6 G G[n], 
Lemma WA\ implies that X — 6 = x — 5 + ^a; is an almost n-torsion set. 
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Now assume that X — 6 is an almost n-torsion set. By implication (ii) —^ (i) of Theorem 16.21 X 
is a Bc-^-tom. Choose any x £ X. Then S^; = X — x is an almost n-torsion set by the implication 
(i) — >■ (iii) of Theorem 16. 2[ Since X — 6 = x — 6 + S'^^ is an almost n-torsion set, Lemma |6 . 1 1 implies 
that b- X e G[n]. Therefore, b £ x + G[n] e X + G[n]. D 

Now we characterize the non-trivial irreducible sets in the Zariski topology. 

Theorem 6.4. Let G be an abelian group and X an infinite subset of G. Then the following 
conditions are equivalent: 

(i) X is an irreducible subset of {G,'^g)j 

(ii) there exist a £ G and S G T(G) such that a + S is '^c-d^iT'Se in X, 

(iii) there exist n E N and a G X such that X — a contains a ^c-dense almost n-torsion subset 
ofG. 

Proof, (i) —7- (iii) Since X is irreducible, by Fact 12.4^ 111). cl3g(X) is a 3G-closed irreducible set. 
Therefore, cl3g(X) = a + G[n] for some a (z X and n € N. By Lemma |4.2| we may assume that 
G[n] has exponent n. Since translates are 3G-homeomorphisms by Corollary I3.7r ii). Y = X — a 
is an infinite 3G-dense subset of G[n], and G[n] is irreducible. From the implication (ii) — ?> (i) of 
Proposition 15. 12| it follows that Y contains an almost n-torsion subset S. Since G[n] = 013^(6') C 
cl3g(y) C G[n] by Proposition 15.101 S is 3G-dense in Y. 

(iii) — 7> (ii) Let S C X — a be an almost n-torsion set that is 3G-dense in X — a. Once again 
applying the fact that translates are 3G-homeomorphisms, we conclude that a+S must be 3G-dense 
ma + {X -a) = X. 

(ii) —7- (i) By Theorem 16. 2| a -|- S* is a 3G-atom, and so it is irreducible. Since a -|- S is 3G-dense 
in X, the latter set must be irreducible as well by Fact 12.4( 111). D 

Corollary 6.5. A subset of an abelian group is irreducible if and only if it contains a ^c-dense 
'^G-O'tom. 

Proof. From Theorem 16. 4^ we conclude that a subset X of an abelian group G is irreducible if there 
exist n G N, a € G and an almost n-torsion set S such that a -|- S is 3G-dense in X. By Proposition 
15.101 S is a 3G-atom. Furthermore, a -|- S* is a 3G-atom by Corollary 13. 7( ii). D 

Corollary 6.6. For a subset F of an abelian group G, the following conditions are equivalent: 

(i) F is a closed, irreducible subset of {G,'^g)j 

(ii) F is a ^G-'''''^i"sducible elementary algebraic set, 

(iii) F is a '^Q-connected elementary algebraic set, 

(iv) F coincides with the '^Q-closure of some ^G-itom. 



Proof. The implication (i) -^ (ii) is trivial. The equivalence (ii) (iii) follows from Corollary | 
Finally, the implications (ii) -^ (iv) and (iv) -^ (i) follow from Corollarv 16.51 D 

7. Description of Zariski dense sets 

Theorem 7.1. Let G be an infinite abelian group and n = eo{G). Then for every subset X of G, 
the following conditions are equivalent: 

(i) X is Zariski dense in G, 

(ii) a + X contains an almost n-torsion set for every a (z G, 

(iii) there exist a finite set F Q G and a family {Sx ■ x € F} of almost n-torsion sets such that 
F + G[n] = G and x + Sx '^ X for each x G F. 

Proof. According to Lemma l4. 5( 1) and Theorem 14.61 G[n] is an irreducible, 3G-clopen subgroup of 
G with a finite index. 
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(i) -^ (ii). Fix a G G. From (i) and Corollary I3.7l fii). we conclude that a + X is 3G-dense in G. 
Since G[n] is 3G-open, Y = {a + X) n G[n] must be 3G-dense in G[n]. Since G[n] is irreducible, we 
can apply Proposition 15. 121 to conclude that Y must contain an almost n-torsion set. 

(ii) — )• (iii) This implication holds because G[n\ has a finite index in G. 

(iii) -^ (i). Let a G F. Since a + X contains an almost n-torsion set, G[n] C cl^fj{a + X) by 
Proposition 15.101 Since G[n] is 3G-open in G, Xa = (a + X) n G[n] is 3G-dense in G[n\. Hence 
—a + Xa is 3G-dense in —a + G[n] by Corollary 13.7( 11). Since —a + Xq C X, it follows that 
X n (—a + G[n]) is 3G-dense in —a + G[n]. 

Note that -F + G[n] = -{F + G[n]) = G, and so U{-a + G[n] : a e F} = G. Since each 
X n (—a + G[n]) is 3G-dense in —a + G[n], we conclude that X is 3G-dense in G. D 

One may wonder if it is possible to strengthen Theorem I7.1( iii) by requiring all Sx to be equal 
to a single almost n-torsion set S. Since Ux6f(^ + Sx) = F + S in this case, the modified item 
(iii) then reads as "F + S C X for some almost n-torsion set S of G" . We will show in Theorem 
17.31 below that such a replacement is possible precisely when (G, 3g) is irreducible. For the proof 
of this modified theorem, we need the following lemma: 

Lemma 7.2. Assume that X is a countably infinite subset of an abelian group G. Then there exist 
infinite disjoint sets Yq, Yi C X such that (oq + ^o) ^ {o-i + ^i) ^s finite whenever ag, ai € G. 

Proof. The smallest subgroup H oi G containing X is countable, so we can fix an enumeration 
Fi = {/in : n G N} of H. For n G N, define Fn = {h^,. . . ,hn}- Since X is infinite, using 
a straightforward recursion on n G N we can choose x„ G X \ ({xq, . . . ,x„_i} + {F^ U —Fn))- 
We claim that Iq = {x2n : n G N} and Yi = {x2n+i : n G N} are as required by Lemma 
17.21 Clearly, Yq and Yi are infinite disjoint subsets of X. Suppose that aojOi £ G. Note that 
(oo + Yq) n (ai + Yi) = oo + (Yq n (ai — oq + Yi)), so we may assume without loss of generality that 
oq = 0. If Yq n (oi + Yi) = 0, the proof is finished. So assume that Iq H (oi + Yi) / 0. Then oi 7^ 
as Yq and Yi are disjoint, and ai G Yq ~ ^1 ^ X — X '^ H. Thus, there exists n G N such that 
ai = hn- We claim that Yq H (q^i + ^1) ^ {a^O) • • • -.Xn}- Indeed, suppose that x^ G Yq fl (oi + Yi) 
for some k > n. Then there exists some / G N such that x^ = ai -\- xi = hn + xi. Clearly, k ^ / 
since ai 7^ 0. If A; < /, then n < I holds as well, and so xi = x^ — hn G {xq, . . . ,Xi_i} — -F/_i, 
which is a contradiction. Ii I < k, then Xk = hn + xi G -Ffc-i + {^^O; • • • ,Xk-i}, which is again a 
contradiction. D 

Theorem 7.3. Let G be a non-trivial abelian group and n = eo{G). Then the following conditions 
are equivalent: 

(a) (G,3g) is irreducible, 

(b) for every '^C'dense set X, there exist an almost n-torsion S of G and a finite set F with 
F + G[n] = G andF + S CX, 

(c) for every ^c-dense set X , there exist an infinite set Z C G[n] and a subset F of G such 
that F + G[n] =G andF + Z CX. 

Proof, (a) -^ (b) Let X be a 3G-dense subset of G. Since G = G[n] is irreducible by Corollary 14.71 
X contains an almost n-torsion set S by Proposition 15.12] Now (b) holds when F = {0}. 

(b) —^ (c) follows obviously from the definition of an almost n-torsion set. 

(c) — )■ (a) Clearly, G is infinite, and so by Corollary 14.71 it suffices to prove that G = G[n]. 
Assume, by contradiction, that G[n] 7^ G. Thus, we can choose g & G\ G[n]. By Lemma 14.5( 11). 
eo{G[n\) = eo{G) = n. Thus, G contains an almost n-torsion set S by Corollary 15.131 Let Yq and 
Yi be subsets of S satisfying Lemma 17.21 with S substituted by X. As an infinite subset of an 
almost n-torsion set, each Yi is almost n-torsion. Thus, both Yq and Yi are 3G-dense in G[n] by 
Proposition 15. 101 Hence, g + Yi is 3G-dense in g + G[n] by Theorem 13. 12( 11). It follows that the set 

(9) X = YoUig + Y,)U{G\ iG[n] U (g + G[n]))) 
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is 3G-dense in G, and so (c) allows us to fix a finite set F ^ G and an infinite set Z C G[n\ 
satisfying F + G[n] = G and F + Z C X. Since 1^ U Yi C 5 C G[n] and g G[n], from © we get 

(10) Xr\G[n]=Yo and Xn(5 + G[n]) = yi. 

Since G G = F + G[n\, there exists some /o € F n G[n\. Since /o + Z C F + Z C X, we have 
/o + Z = (/o + Z) n G[n] C X n G[n] = Fq by ^. Therefore, Z C -/q + Yo- 

Similarly, since g £ G = F+G[?7,], there exists some /i G Fn(5f+G[n]). Since /i+Z C F+Z C X, 
wehave/i + Z = (/i + Z)n(5 + G[n]) CXn(5 + G[n]) = 5 + 11 by dTO]) . Therefore, Z C 5-/1 + ^1. 

We have proved that Z C (— /o + Iq) H ((7 — /i + Yi). Since the latter set is finite by our choice 
of Yq and Yi, we conclude that Z must be finite as well, which is a contradiction. D 

For an unbounded abelian group G, our next theorem provides a very simple characterization of 
Zariski dense subsets of G. 

Theorem 7.4. Let G be an unbounded abelian group. For an infinite subset X of G, the following 
conditions are equivalent: 

(i) X is '^G-dense in G, 

(ii) mX is infinite for every integer m, G N \ {0}, 
(iii) X contains an almost 0-torsion set. 

Proof First, note that G[0] = G. 

(i) -^ (iii) By (i), we have cl3c(X) = G = G[0]. Since G is unbounded, eo(G[0]) = eo{G) = 
by Definition I4.3( ii) . Applying the implication (iii) — > (i) of Proposition [5.121 we conclude that X 
contains an almost 0-torsion set. 

(iii) -> (i) Let S be an almost 0-torsion subset of X. Now G = G[0] = d^^iS) C cl3g(X) C G 
by the implication (i) — t- (ii) of Proposition 15.101 Thus, X is 3G-dense in G. 

The equivalence (ii) o (iii) is proved in Proposition 15.141 D 

8. Description of the Zariski closure 

Theorem 8.1. Let X be an infinite subset of an abelian group G, let D be the finite set of "^g- 
isolated points of X , and let X\D = Ui=i ^i ^^ ^^e (unique) decomposition of X\D into irreducible 
components. Then there exist ai, . . . , a^ G G and Si, . . . ,Sk G T(G) such that 

(i) each Oj + Si is ^G-dense in Xi, and 

k k 



(ii) CI3 JX) =Du\J{a,+ cl^aiSi)) =Du[j{a, + G[ns,]). 



i=l i=l 



Proof. Observe that (X, 3g \s) is a Noetherian space by Theorem IS.Sf i) and Fact I2.11 fl). Hence, 
D is finite by Fact 12.61 According to the same fact, each Xj is infinite, so we can apply Theorem 
16.41 to find Oj G G and Si G T(G) such that Oj + Si is 3G-dense in Xj. This yields (i). To prove (ii), 
note that 

(11) c\-7,^{Xi) = c\-i,^{ai + Si) = ai + c\-7,^{Si) = Oj + G[ns^] for every i < k, 

where the first equation follows from item (i), the second equation follows from Theorem 13. 12r ii). 
and the third equation follows from Proposition 15. 10] Since D is a finite subset of a Ti-space, D is 
closed in (G, 3g)) and so 

/ fe \ k 

CI3JX) = cl3^ iDulJxA=Du[j CI3 JX,), 

\ i=l / i=l 

which together with pT]) yields (ii). D 
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Remark 8.2. (i) Let X, G and D be as in the assumption of Theorem 18. li Define 

Ix = {{n, a) ^'H X G : X — a contains an almost n-torsion set}. 
We shall see now that the set s/ = {a + G[ri\ : (n, a) € Ix} is finite, and 
(12) c\^^{X) = D\J \J {a + G[n]) = D\j[j£^. 

{n,a)£lx 

Indeed, let X\D = Uj^^ Xi be the decomposition oi X\D into irreducible components. 
Let ai, . . . , Ofc € G and 5i, . . . , 5fc € T(G) be as in the conclusion of Theorem 18.11 Clearly, 
(rifi'., Oj) G Ix for all i. This proves the inclusion c\-^^{X) C Z?U|J(^ ^^gJ (a+G[n]). To prove 
the reverse inclusion, suppose that (n, a) € Ix- Then, X — a contains some set S G T„(G), 
and so a + G[n] = cl3Q(a + 5) C 013^ (5) by Proposition lS.lOi Since the elementary algebraic 
set a + G[n] G j2/ contains the dense irreducible set a + 5, it is irreducible as well, and the 
inclusion a + G[n] C c\-2^^[X) = DU Ui=i(o^« + ^"[1x5.]) now yields a + G[n] C Oj + (^[ns.] for 
some i. This proves that each closed set a + G[n] G ^2/ is contained in one of the finitely 
many closed sets Oj + G[ns.]. Since our space (G, 3g) is Noetherian, this yields that .s/ is 
finite, 
(ii) The union (\12h may be redundant; here is an easy example to this effect. Let G = Z(4)*^'^-', 
and let S be the canonical base of G. Then S is an almost 4-torsion set. Let X = 
S U 25. Then X is irreducible (since it contains the dense irreducible set S) and 3g- 
dense, so c13q(X) = G = G[4] and the union from Theorem I8.1( ii) has a single member, 
namely cl^^{S) = c13q(X). However, £/ = {G[2],G[4]}, so the term G[2] in the union 
G = G[2]U G[i] from ([El) is redundant, 
(iii) The union from Theorem 18. l( ii) is not redundant, since it gives the (unique) decomposition 
of the closed set c13q(X) into a union of its irreducible components; see Fact 12.51 For every 
d £ D, the singleton {d} is an irreducible component of c13q(X), which means that the set 
D is disjoint from IJj=i('^i + ^'[nsj). In particular, D = % when G is infinite, and X is 
3G-dense in G. 

Remark 8.3. // at least one of the integers ng. appearing in Theorem \8.lV ii) is equal to 0, then 
D = ^, k = 1, and the union from Theorem \ 8. l\( ii) contains only one member, namely, G[0] = G. 
Indeed, assume that n^. = for some i < k. Then G[n5j = G[0] = G, and so G = Oj + G[n5j C 
Uj=i(aj + G[ns^]) C G. Hence, D = H), and k = i = 1 hy Remark E^Iiii) • 

Remark 8.4. Let X be a 3G-atom of an abelian group G. Then S = X — x is an almost m(X)- 
torsion set for some (in fact, each) x & X; see Theorem 16.21 Therefore, cl3g(X) = 013^(2; + S) = 
x + cl3g(5) = X + G[xn{X)] by Theorem 13. 12( ii) and the implication (i) — )• (ii) of Proposition [5T0l 
Since the union from Theorem 18. l( ii) is not redundant by Remark 18. 2( iii). we conclude that the 
unique number 1x5. appearing in Theorem I8.1( ii) coincides with m{X). This conclusion fails in a 
more general case, for example, when X is an irreducible set. Indeed, let us note that for the subset 
X of the group G from Remark [8^2^ 11) one has m{X) = 2, while cl3g(X) = G[4]. 

Example 8.5. Here we describe the closure of an infinite subset X of G in the case when X is a 
subgroup. 

(a) If X is unbounded, then X contains an almost 0-torsion set by Corollary 15. 151 Hence, X is 
3G-dense. 

(b) If X is a bounded subgroup, then by Priifer's theorem X is a direct sum of finite cyclic 
subgroups. Hence, we can write X = F©Xi, where F is finite and Xi = ®j^]^ Z(ni)*^"*' for 
some infinite cardinals Oj. In particular, Xi contains a subgroup isomorphic to Z(n)('^' = 
©i=i ^(^i) ; where n is the least common multiple of all nj. By Proposition 14. 12T b). Xi 
contains an almost n-torsion set S, and so cl3g(Xi) = G[n] by Proposition (STTOl Being finite. 
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F is 3G-closed, and we conclude from Theorem l3.12r i) that c\-^^{X) = c\-^^^{F)+c\-^q{Xi) = 
F + G[n]. 

(c) It follows from (a) and (b) that a subgroup X of G is 3G-dense if and only if either X is 
unbounded, or both X and G are bounded with eo{X) = eo{G) = n and nG = nX. 

(d) From (a) and (b), we deduce that the Zariski closure of a subgroup is always a subgroup. 
This can also be deduced directly from Theorem 13.121 Since (G,3g) is a quasi-topological 
group (see the analysis following Corollary 13. 7p . the same conclusion can be deduced from 
[U Proposition 1.4.13] as well. 

In the rest of this section, we present the major corollaries of Theorem 18.11 Our first corollary 
significantly strengthens fT5| Lemma 3.6]: 



Corollary 8.6. Let X he an infinite subset of an ahelian group G. Then there exist /c S N, 
ai, . . . , Ofc € G and Si, . . . ,Sk G "^(G) such that IJi=i('^« + "S**) is 'ic-dense in X\D, where D is 
the finite set of^c -isolated points of X. 

Our next proposition describes the case in which the union IJi=i('^i + ^i) i'^ Corollary 18.61 is not 
only 3G-dense m. X\D, but actually coincides with X \D. 

Proposition 8.7. Let X be a countably infinite subset of an abelian group G. Then dimX = 1 if 
and only if there exist a natural number k and a 3G-'^^om Xi for each i < k, such that IJi=i -^i — 
X \D, where D is the finite set of ^c-isolated points of S. 

Proof. To proye the "if" part, assume that sets Xi with the desired properties are giyen. According 
to Definition EH and Fact [221 dimX^ = 1. Then dim (U^i Xi) = 1 by FactESl^d), and this yields 
dimX = 1, as dimD = by Fact ESl^a). 

To proye the "only if" part, assume that dimX = 1. Let D be the finite set of 3G-isolated points 
of X, and let X\D = |Jj=i -^i be the decomposition of X\D into infinite irreducible components; 
see Fact 12.61 Fix i = 1,2, ... ,k. By Fact 12.8( b). dimXj < dimX = 1. Since Xi is infinite, from 
Fact l2.8r a) we deriye the reverse inequality diuiXi > 1. It follows that Xi satisfies the assumptions 
of Fact 12.9r a). and so Xi is a 3G-atom by Definition 13.141 D 

Corollary 8.8. For an abelian group G, the space {G, 3g) is hereditarily separable; that is, every 
subset X of {G,'5g) has a countable dense subset. 

Proof. If X is finite, then X is its own countable dense subspace. Assume now that X is infinite. 
Let D, k, ai, . . . , Ofc and 5i, . . . , S'fc be as in Theorem 18.11 Then D U Uj=i('^i + •S'i) is a countable 
dense subset of X. D 

Corollary 8.9. For an abelian group G, the space {G,^g) is Frechet-Urysohn; that is, if X is a 
subset of G and x € cl3g(X), then there exists a sequence of points {xj : j € N} of X converging 
to X. 

Proof. If X (z X, by defining Xj = x for all j G N, we derive the required sequence. Therefore, from 
now on we shall assume that x X; in particular X is infinite. Let D, k, Xi, . . . ,Xk, ai, . . . ,ak 
and Si, . . . , Sfc be as in Theorem 18.11 Since x G c\-^q{X) \ X, according to Theorem IS.lT ii). we 
conclude that x ^ D. Then x € cl3(3 (oj + Si) for some i < k. By Theorem 16. 2( Oj + ^j is a 3G-atom. 
Let {yj : j G N} be any faithful enumeration of Oj + Si. From Proposition 13.15T iv). we conclude 
that the sequence {yj : j G N} converges to x. Finally, note that yj G Oi + Si (^ Xi ^ X for every 
j G N. D 

Item (b) of the next example demonstrates that Corollaries 18.81 and 18.91 are specific results about 
the space (G,3g) for an abelian group G that do not hold in general for Noetherian Ti spaces. 

Example 8.10. (a) Let X be a set, and let 71, i = 0, 1, ... , n, be Noetherian topologies on X. 
Then T = supj Ti is also a Noetherian topology on X. Indeed, the family S' = {PlILo ^i '■ 
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X \Fi ^ % for all i < n} satisfies the descending chain condition, S is closed under 
finite intersections, and X ^ S. Thus, by Fact 12.21 we conclude that the family S^ forms 
the family of closed sets of a unique topology Ts on X such that the space (X, Xf ) is a 
Noetherian space. It remains only to note that T = Tg. 
(b) We can use (a) to get an example of a Noetherian Ti-space that is neither separable nor 
Frechet-Urysohn. Indeed, let a > wi be an ordinal, and let X = a. Let To = {{x S X : 
/3 < j;} : /? < a} |J{0) ^} be the upper topology of X, and let 7i be the co-finite topology 
of X. Since both topologies are Noetherian, the topology T = sup{7o,7i} is Noetherian 
by (a). Since 7i is a Ti topology, so is T- Since (X, To) is not separable, {X^T) is not 
separable either. To show that (X, T) is not Frechet-Urysohn, observe that cji S X is in 
the T-closure of the set 5 = {7 E X : 7 < wi}, yet no sequence of points of S converges to 

Our last corollary of Theorem 18. II is used in the proof of Theorem 19.51 

Corollary 8.11. Let X, G, D, k and Si, . . . ,Sk S '^{G) be as in Theorem \8.1\ IfTis a Hausdorff 
group topology on G such that cl-riSi) = G'[ns.] for every i < k, then cl7-(X) = cl-^^{X). 

Proof. By the assumption of our corollary, Oj -|- G'[ns'.] = Oi + cl-j-{Si) = cl-j-idi + Si) C cl7-(S'i) for 
every i < k. Combining this with Theorem 18.1( 11) yields 

k k 

cl3^(X) = Du\J{ai + G[nsJ) <^Du[J clr{S,) = clr(X). 

1=1 i=l 

The reverse inclusion cl7-(X) C cl3g,(X) follows from 3g Q ^JTg QT- □ 

9. A PRECOMPACT METRIC GROUP TOPOLOGY REALIZING THE ZARISKI CLOSURE 

The main purpose of this section is to prove Theorem 19.51 The proof of Theorem C, provided in 
the end of this section, then follows easily from Theorem 19.51 

We start with two lemmas from [8] that will be needed in our proofs. 

Lemma 9.1. (O Lemma 4.10]) Suppose that S" is a countable family of subsets of an abelian group 
G, g (z G and g ^ 0. Then there exists a group homomorphism /i : G — )> T such that: 

(i) Kg) + 0, 

(ii) i/n gN, 2 G T[n], Z G N \ {0} and E e (f nT„(G), then the set {x eE : \h{x) - z\ < 1/1} 
is infinite. 

Lemma 9.2. ([U Lemma 3.17]) Let G and H be Abelian groups such that \G\ < r{H) and \G\ < 
rp{H) for each j? G P. Suppose also that G' a subgroup of G such that r[G') < r{H) and rp{G') < 
rp{H) for all p € ¥. If H is divisible, then for every monomorphism h : G' ^ H there exists a 
monomorphism tt : G ^^ H such that vr \g'= h. 

Lemma 9.3. Let G be a countable abelian group and y be a countable subfamily of%{G). Then 
there exists a monomorphism h : G ^ T satisfying the following property: if S £ .5^ , O is an open 
subset of T^ and O n T [n^]^ 7^ 0, then the set {x G 5 : h{x) G O} is infinite. In particular, h{S) 
is dense in T [n^]^ for every S G =5^. 

Proof. Let S^ = {Sj : j G N} be an enumeration of S^ . For typographical reasons, let rij = ns for 
each j G N. Let {gj : j G N} be an enumeration of the countable set G \ {0} and ^ be a countable 
base of T with ^. Define S'-i = S^ . By induction on /c G N, we construct a countable family 
(^fc of subsets of G and a homomorphism h/^ : G ^^ T with the following properties: 

(ifc) hkigk) / 0, 
(iifc) S'k-i C (4, 
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(iiifc) if ^ G 4-1 n T(G), U e^ andUnT [vie] + 0, then the set SE,v,k = {x ^ E : h^ix) G U} 
is infinite, 

(ivfc) if i? G <^A:-i) U ^ ^ and the set SE,u,k is infinite, then SE,u,k G (^fc- 
We apply Lemma 19.11 to find a homoniorphisni /iq : G — > T satisfying (ig) and (iiio)- Define 
(fo = ^-1 U {5£;,t/,o : -E' G <^-i,t/ G £i^,SE,u,0 is infinite}. Then (iio) and (ivo) hold trivially. This 
completes the basis of induction. Suppose now that k G N\{0} and for every j < k we have already 
constructed a countable family S'j of subsets of G and a homomorphism /ij : G — )• T satisfying (ij)- 
(ivj). Let us define a countable family (^k of subsets of G and a homomorphism hk : G —^ T 
satisfying (ifc)-(ivfc). We apply Lemma 19.11 once again to find a homomorphism hk ■ G —?■ T 
satisfying (ijt) and (iiifc). Define £'k = S'k-i U {SE,u,k '■ E G ^k-i-, C^ G =^, SE,u,k is infinite} and note 
that (iifc) and (iv^) hold. 

Define h : G ^ T^ by h{x) = {hn{x)}neN for x G G. Clearly, /i is a group homomorphism. If 
g £ G\ {0}, then g = gt for some fc G N, and so hj^{gk) 7^ by (i^), which yields h{g) = h{gj^) ^ 0. 
Hence /i is a monomorphism. 

Assume that j G N, and O is an open subset of T^ such that O n T [n^]^ 7^ 0. We shall prove 
that the set {x G Sj : h{x) G O} is infinite. There exists A; G N and a sequence Uq, . . . ,Uk of 
elements of ^ such that Uq x ■ ■ ■ x Uk x T^\{o,-,k} c O and C/^ n T [uj] + for ah i < k. From 
(iiio) and our definition of (f_i, it follows that £"0 = S 3^,1/0,0 is infinite, and (ivo) gives Eq £ £"0. As 
an infinite subset of the almost nj-torsion set Sj, the set £"0 is also almost nj-torsion by Remark 
I5.2l fiii). and so (iiii) implies that Ei = Seo,Ui,i is infinite. Thus, Ei G (fi by (ivi). Continuing 
this argument, we conclude that each set Ei = SEi_-i,Ui,i is infinite for i < k. By construction, 
Ek C Ek-i C • • • C Eq ^ Sj. Finally, note that Ej. is an infinite subset of Sj such that hi{x) G Ui 
whenever x £ Ek and i < k. Therefore, h{Ek) ^ Uq x ■ ■ ■ x Uk x T^Vi"'---'^} c O, which implies 
Ek '^ {x £ Sj : h{x) G O}. Since the former set is infinite, so is the latter. D 

Corollary 9.4. A countably infinite Abelian group G is isomorphic to a dense subgroup ofT^ if 
and only if G is unbounded. 

Proof. Let j : G ^ T be a monomorphism such that j{G) is a dense subgroup of T . Then nj{G) 
must be dense in T = nT , so uG 7^ {0} for every positive n G N. Therefore, G is unbounded. 

If G is unbounded, then G contains an almost 0-torsion set 5; see Corollary 15.151 By Lemma 
19.31 applied to ^ = {S}, there exists a monomorphism j : G ^ T^ such that j{S) is dense in T^. 
So j{G) is dense in T^ as well. D 

Theorem 9.5. Let G be an abelian group with \G\ < c, and let ^ be a countable family of subsets 
of G. Then there exists a precompact metric group topology T on G such that the T -closure of each 
X £ X coincides with its ^G-dosure. 

Proof. Applying Corollary 18. 11^ for every X G ,^ we can fix a finite family oS^x ^ "^(G) with the 
following property: 

(fx) if T is a Hausdorff group topology on G such that cl7-(5) = G[ns] for each S G S^x, then 
clr(X)=cl3^(X). 

Define ^ = Ul^x • ^ ^ ^}- Let G' be the countable subgroup of G generated by |Jo5^. 
Since y C T(G) and 5 C G' for each S e^, from Remark E^l^iv) we conclude that y C T(G'). 
Therefore, we can apply Lemma [9.3l to find a monomorphism h : G' ^ T^ such that h{S) is dense in 
T [nsf for every 5 G ^. Since |T^| = r{T^) = c, rp(T^) = c for all p G P ([17J; see also [T, Lemma 
4.1]), \G\ < 2'^, \G'\ = |N| < c, and T^ is divisible. Lemma 19.21 allows us to find a monomorphism 
TT : G ^ T^ extending h. Denote by T the precompact metric group topology induced on 7r(G) by 
the usual topology of T^. 

Let X G jr. Choose S £ ^x arbitrarily. Since TT{G)[ns] = vr(G) n T [nsf and 7r(5) = h{S) is 
dense in T [n^]^, it follows that Tr{S) is T-dense in 7r(G)[n5]. Identifying G with 7r(G), we conclude 
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that S is T-dense in G[ns']. In particular, cl7-(5') = cl7-(G[n5]). Since G[ns] is 3G-closed in G and 
3g ^ T, it follows that clriG[ns]) = G[ns]. We proved that clr(5') = G[ns] for every S G ^x- 
Now (tx) yields clr(X) = cl^oi^)- ° 

Remark 9.6. Let G be an infinite abelian group. 

(i) There exists a family S^ of subsets of G such that \S^\ = c, and for every Hausdorff group 
topology T on G, the T-closure of some X ^ ^ differs from its ^c-dosure. Indeed, let H 
be a countably infinite subgroup of G and ^ be the family of all subsets of H. Clearly, 
|.^| = c. Assume, by contradiction, that T is a Hausdorff group topology on G such that 
clrlx) = cl^ai^) for every X G JT. For X G JT, we have cIt\h{X) = HH clr{X) = 
H n c\^q{X) = cl3^(X) by Lemma [3.101 and since ^ is the family of all subsets of H, we 
conclude that T \h= 3h- Since T is a Hausdorff topology on G, the subspace topology 
T \h is Hausdorff as well. This contradicts Corollary 13.61 
(ii) Item (i) shows that the conclusion of Theorem 19.51 may fail for families ^ of size c. Under 
the Continuum Hypothesis, the conclusion of Theorem 19.51 would then fail for families ^ of 
size cji. Thus, in general, a single Hausdorff group topology on an abelian group G cannot 
realize the Zariski closure of uncountably many subsets of G, that is, the assumption of 
countability for the family ^ in Theorem 19.51 is necessary. 

Proof of Theorem C. The implication (i) — )• (iii) is proved in Theorem 19.51 The implication 
(iii) — )• (ii) is trivial. Finally, the implication (ii) -^ (i) holds because a precompact metric group 
has size at most c (this follows from the well known fact that infinite compact metrizable group 
has size c pa Corollary 5.2.7 b)]). D 

10. Proof of the equality 3g = ^g = *Pg for an abelian group G 

For an abelian group H we denote by H* the closed subgroup of T consisting of all homomor- 
phisms X ://—)• T; in particular, H* is compact in the subspace topology inherited from T . A 
subgroup A^ of H* is called point separating if for every x £ H \ {0}, there exists x ^ ^ such that 
Xix) + 0. 

For every subgroup N of i7*, let ejq^H '■ H — )• T^ be the map defined by eN,H{x){x) = xi^) for 
X G A" and each x G H, and let 3^n,h denote the coarsest topology on H with respect to which 
&N,H becomes continuous. The straightforward proof of the following fact is left to the reader. 

Fact 10.1. For an abelian group H and a subgroup A^ of H* , the following conditions are equivalent: 
(i) A^ is point separating; 

(ii) ^^N,H is a precompact Hausdorff group topology on H; 
(iii) e]\[,H is a monomorphism; 

(iv) the map e]\[,H '■ {H, 3^n,h) ■— ^ T^ is a topological isomorphism between {H, 3^n,h) and the 
subgroup e]\[,H{H) of T^. 

The relevant fact that the correspondence A^ >-^ ^n,h between point separating subgroups of H* 
and precompact Hausdorff group topologies on H \s a. bijection was pointed out by Comfort and 
Ross [6]. 

Let -ff be a normal subgroup of a group G and T' a Hausdorff group topology on H. In general, 
it is impossible to find a Hausdorff group topology T on G that induces the original topology T' 
on H. There are severe obstacles to the extension of group topologies even when the subgroup H 
is abelian |10^ I13j . However, in the case when the subgroup H is central (in particular, when the 
group G itself is abelian), the extension problem becomes trivial. One can simply take the family 
of all T'-neighborhoods of as a base of the family of T-neighborhoods of of a group topology 
T on G. This topology T is Hausdorff and obviously induces the original topology T' on H. Note 
that there may exist other group topologies T" on G with T" \h= T' ■ 
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The extension of precompact Hausdorff group topologies from a subgroup of an abelian group to 
the whole group is a bit more delicate. 

Theorem 10.2. Let H be a subgroup of an abelian group G and T' a precompact Hausdorff group 
topology on H . Then there exists a precompact Hausdorff group topology T on G that induces T' 
on H ; that is, T |"_h'= T' holds. 

Proof. Let p : G* ^ H* be the restriction homomorphism defined by p{x) = X \h for every x ^ G* . 
Since T is a divisible group, for every x £ H*, there exists an extension x G G* of x- Therefore, p 
is a surjection. It follows from Peter- Weyl's theorem that the subgroup N of H* consisting of all 
T'-continuous characters is point separating and T' = ^n,h', see ^. 

We claim that A = p^^{N) is a point separating subgroup of G*. Indeed, let g & G \ {0}. We 
need to find ip £ A such that ip{g) 7^ 0. If g G H, then xid) ¥" fo^ some x £ -^) as A^ is a 
point separating subgroup of H*. Since p is a surjection, there exists 99 G G* such that p{ip) = x- 
In particular, cp G p~^{N) = A. Furthermore, ip{g) = ip \h {9) = x{g) ¥" 0- Suppose now that 
g £ G\H . Let vr : G ^ G/H be the canonical quotient homomorphism. There exists a character 
ijj : G/H -^ T such that ^{irig)) / 0. Clearly, y? = V' o vr G G* and p{p) = p \h= G iV, which 
yields p G p~^{N) = A. Finally, note that p){g) / 0. 

Since A is a point separating subgroup of G, it follows from Fact 110.11 that T = ^a,g is a 
precompact Hausdorff group topology on G. It remains only to show that T \h= T' ■ In other 
words, we aim to show that the inclusion map j : (H, ^n,h) ^^ (G, =^,g) is a topological group 
embedding. 

For a set Y and an element y £ Y, let pY,y ■ T — ?> T be the canonical projection defined 
by PY,y{f) = fiu) for every y £ Y. Since A = p~^(A^) and p is a surjection, p \a'- A ^- N is 
surjective as well. Therefore, the the map i : T^ -^ T^ defined by t(/) = / o p |"^ for / G T^, 
is a monomorphism. Furthermore, the map l is continuous, as PA,x ° '■ = PN,p(x) i^ continuous for 
every x ^ ^- By the compactness of T , we conclude that i : T ^-)- T is a topological group 
embedding. 

By Fact 110.11 both maps eA,G ■ {G, ^a,g) ^^ ^^ and eN,H '■ {H, ^n,h) ^^ T^ are topological 
group embeddings. Since the diagram 

(G, ^a,g)'^^^ T^ 



{H,'^N,H)'^^^f^ 

is commutative, we conclude that j is a topological group embedding as well. D 

Remark 10.3. (i) In connection with Fact 110. H one should mention the following important 

result of Comfort and Ross [6]: Given an abelian group H, a subgroup N of H* is point 
separating if and only if N is dense in H* . 
(ii) With the help of the equivalence in (i) , one can offer an alternative argument showing that 
the subgroup A of G* in the proof of Theorem 110.21 is point separating. Indeed, since G* is 
a compact group and p : G* ^ H* is a continuous surjective homomorphism, p is an open 
map. Since N is dense in H* by item (i), this implies that A = p~^{N) is dense in G*. 
Applying (i) once again, we conclude that j4 is a point separating subgroup of G*. 

Corollary 10.4. If H is a subgroup of an abelian group G, then '^g \h^ '^h- 

Proof. Let X be a subset of H that is not *p //-closed. There exists a precompact Hausdorff group 
topology T' on H such that X is not T'-closed. By Theorem 110.21 there exists a Hausdorff group 
topology T on G such that T \h= T' ■ Then X is not T-closed, and so X cannot be ^Pc-closed 
either. Since X C H, we conclude that X is not ^g |"j/-closed. D 
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Proof of Theorem A. Since 3g ^ 2JIg ^ *PG) it suffices to prove that *Pg ^ 3g- Let us note that 
this fohows from Theorem 19.51 when \G\ < c. Indeed, let F be a subset of G that is not 3G-closed. 
Applying Theorem 19.51 with ^ = {F}, we can find a precompact metric group topology T on G 
such that cl7-(F) = c1^q{F) / F; that is, F is not T-closed. Hence, F cannot be *PG-closed either. 

To prove that *Pg ^ 3g in the general case, it suffices to pick an arbitrary subset F of G and 
check that CI3Q (F) C cltp^ (F) . According to Corollary 18.81 there exists a countable subset A of F 
such that F C c13q(A). In particular, cl;i,^{F) C cl3g(A). Since clfpQ(A) C cIspq(F), it remains to 
check that cl3g(A) C clfpg(A). 

Fix an arbitrary x G c13q(A), and let H be the (countable) subgroup of G generated by X 
and X. By Lemma F3.101 x € -fT n cl3g(A) = cl3g^^(A) = cl3^(A). By the initial part of the 
argument, 3// = ^H, as H is countable. So x G cl3^(A) = clrpj:^(A). Since AC//, Corollary 
110.41 yields clfp^(A) C clfpQf^(A) = //nclfpQ(A). Therefore, x E clfpQ(A). This proves that 
cl3^(A)Cc%jA). ' D 

Corollary 10.5. For an arbitrary subset X of an abelian group G, the following conditions are 
equivalent: 

(a) A is unconditionally closed, 

(b) A is closed in every precompact Hausdorff group topology on G, 

(c) A is algebraic. 

The equivalence of (a) and (c) was attributed by Markov [25] to Perel'man, though the proof 
never appeared in print. Recently, a proof of this equivalence was provided in [10]; see also [31j 
Theorem 3.13] for almost torsion- free abelian groups and |31; Proposition 4.6] for abelian groups 
of prime exponent. The group topologies involved in both results in [31] are not precompact, so 
these results do not include also the equivalence with (b) even in those two particular cases. 

Remark 10.6. According to Lemma 13.101 and Corollary 110.41 one might first study the spaces 
(G, 3g) and (G,*^^) for divisible groups G and then use them to obtain information on their 
subgroups. The advantage of having a divisible group G is that, for every prime number p and each 
integer n € N, the subgroup G[p"] of G is always irreducible whenever it is infinite; see Example 

EH 

11. A PARTIAL SOLUTION TO A PROBLEM OF MARKOV 

Proof of Theorem D. (i) — > (iii) Assume that A is potentially dense in G, and let T be a 
Hausdorff group topology on G such that A is T-dense in G. Then G = cl7-(A) C cl3g,(A) C G, 
which yields G = c\-^^{X). 

(iii) -^ (ii) This follows from Theorem 19.51 

(ii) — >■ (i) This is trivial. D 

Combining Theorems D and 17.1} we obtain a partial solution to Markov's problem regarding 
potentially dense sets for all abelian groups of size at most continuum: 

Corollary 11.1. Let X be an infinite subset of be an abelian group G of size < c. Define n = eo{G). 
Then the following conditions are equivalent: 

(i) A is potentially dense in G, 

(ii) a + X contains an almost n-torsion set for every a (z G, 

(iii) there exist a finite set F Q G and a family {Sx ■ x G F} of almost n-torsion sets such that 
F + G[n] = G and x + Sx Q X for each x a F. 

Recall that every infinite subset of an abelian group G is Zariski dense if and only if G is either 
almost torsion- free or has a prime exponent (see Fact 13. 9p . 

Corollary 11.2. For an abelian group G, consider the following conditions: 
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(a) every infinite subset of G is potentially dense in G, 

(b) every proper unconditionally closed subset of G is finite (that is, 971^ coincides with the 
cofinite topology of G), 

(c) every proper algebraic subset of G is finite (that is, 3g coincides with the cofinite topology 
ofG). 

Then (a) -^ (b) -f-)- (c). Moreover, all three conditions are equivalent whenever \G\ < c. 

Proof. To show (a) — ?• (b) assume that X is an infinite unconditionally closed subset of G. Then X 
must be simultaneously closed and dense in some Hausdorff group topology on G. Thus, X = G. 

The equivalence (b) -H- (c) follows from Corollary 110.51 

The last assertion is an obvious consequence of Theorem D. D 

Remark 11.3. Since item (a) of Corollary 111.21 yields \G\ < 2'^, it is not possible to invert the 
implication (a) -^ (b) in Corollary 111.21 if |G| > 2^ In our forthcoming paper |12j, we invert it for 
groups of size at most 2^ 

From Theorems D and 17.41 we obtain the following: 

Corollary 11.4. Let G be an unbounded abelian group such that \G\ < c. Then an infinite subset 
X of G is potentially dense in G if and only if mX is infinite for every tti € N \ {0}. 

The potentially dense subsets of almost torsion-free or divisible abelian groups of arbitrary size 
are described in |llj . 

12. Open questions 

Since our results provide a sufficiently clear picture in the abelian case, we include a list of 
questions concerning the possibilities to extend some of them in the non-abelian case. 
Theorem A leaves the following question open. 

Question 12.1. Which of the equalities 3g = ^G = *Pg from Theorem A remain true for nilpotent 
groups? 

According to Bryant's theorem, 3g is Noetherian for every abelian group G. This fails to be 
true in general, e.g., there exist infinite (necessarily non-abelian) groups G with discrete 3g; see 
Example 11.31 Nevertheless, there is a huge gap between Noetherian and discrete topologies. In 
fact, being Noetherian is a much stronger property than compactness: it is easy to see that a space 
is Noetherian if and only if all its subspaces are compact. This justifies the following question. 

Question 12.2. Let G be a group. If 3g is compact, must 3g be necessarily Noetherian? 

According to Corollarv l3.61 the Zariski topology 3g of an infinite abelian group is never Hausdorff, 
while it is Noetherian by Bryant's theorem. This motivates the following question. 

Question 12.3. Does there exist an infinite group G such that its Zariski topology 3g is both 
compact and Hausdorff? 

Let us note that it was necessary to relax "Noetherian" to "compact" in the above question, 
since an infinite Noetherian space is never Hausdorff; see Fact 12.11 In particular, a positive answer 
to this question would provide a negative answer to Question 112.21 

Finally, let us recall two questions from [9]. 

Question 12.4. Let G be a group of size at most 2*^ and £" be a countable family of subsets of G. 
Can one find a Hausdorff group topology Ts on G such that the 7^-closure of every E ^ £ coincides 
with its OTc-closure? 
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For an Abelian group G with |G| < c the answer is positive, and in fact the topology 7^ in this 
case can be chosen to be precompact by Theorem 19.51 

The counterpart of Question 112.41 for 3g instead of 9JIg has a consistent negative answer; see the 
comment in |9]. 

Let us consider now the counterpart of Question 112.41 for '^g instead of 9?Tg • 

Question 12.5. Let G be a group of size at most 2^ having at least one precompact Hausdorff group 
topology, and let £" be a countable family of subsets of G. Can one find a precompact Hausdorff 
group topology Ts on G such that the T^-closure of every E & £ coincides with its ^Pc-closure? 

Again, for an Abelian group G with |G| < c, the answer is positive by Theorem 19.51 

Historic remark. The principle results of this paper were announced by the first author in his 
keynote address during the 10th Prague Topological Symposium TOPOSYM 2006 (August 13-19, 
2006, Prague, Czech Republic), and were also mentioned in [9l Section 5]. 

Ackno'wledgment. We are grateful to Daniel Toller for his careful reading and helpful comments. 
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